QUIVER HECKE SUPERALGEBRAS 

SEOK-JIN KANG, MASAKI KASHIWARA, AND SHUNSUKE TSUCHIOKA 

Abstract. Wc introduce a new family of superalgebras which should be considered as 
a super version of the Khovanov-Lauda-Rouquier algebras. Let / be the set of vertices 
of a Dynkin diagram with a decomposition / = /even U /odd- To this data, we associate a 
family of graded superalgebras R„, the quiver Hecke superalgebras. When /odd = 0, these 
algebras are nothing but the usual Khovanov-Lauda-Rouquier algebras. We then define 
^^ I another family of graded superalgebras RC„, the quiver Hecke-Clifford superalgebras, 

CN| ■ and show that the superalgebras R„ and RC„ are weakly Morita superequivalent to 

each other. Moreover, we prove that the affine Hecke-Clifford superalgebras, as well 
as their degenerate version, the affine Sergeev superalgebras, are isomorphic to quiver 
Hecke-Clifford superalgebras RC„ after a completion. 






O*' 1- Introduction 






In |KLll IKL21 IRoulj . Khovanov-Lauda and Rouquier independently introduced a re- 
markable family of graded algebras, the Khovanov-Lauda-Rouquier algebras or the quiver 
Hecke algebras, that categorifies the negative half of quantum groups associated with 
symmetrizable Kac-Moody algebras. Moreover, the cyclotomic quotients of Khovanov- 
Lauda-Rouquier algebras provide a categorification of integrable highest weight modules 
Q>^ ■ over quantum groups [KLlt IKKj . An important application of the Khovanov-Lauda- 

cn . Rouquier algebras is that one can derive a homogeneous presentation of the symmetric 

group algebras, which gives a quantization of Ariki's categorification theorem for the basic 
sip-module ( [AHl iLLTl IBKTI lBK2l [RBuT] ) : 



> 



O 



o 



nAo) = 0Ko(Fp6„-mod)c. 



n>0 



Considering the long history of the theory of symmetric groups, it is quite surprising 
/\ • that one can define such a non-trivial grading on the symmetric group algebras, which 

j^ ■ has been conjectured to exist for some time ( [Rou2l ITurj ) . only after the discovery of 

Khovanov-Lauda-Rouquier algebras. 

For the Dynkin diagrams of affine type A or of type A^o, the Khovanov-Lauda-Rouquier 
algebras (resp. the cyclotomic Khovanov-Lauda-Rouquier algebras) are isomorphic to the 
affine Hecke algebras of type A (resp. the cyclotomic Hecke algebras or the Ariki-Koike 
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algebras) after we take specializations and localizations. Thus the Khovanov-Lauda- 
Rouquier algebras can be regarded as a generalization of the afiine Hecke algebras of 
type A. Since the Khovanov-Lauda-Rouquier algebras are graded, they fit more naturally 
into the categorification of quantum groups. 

Indeed, in |VV1] . Varagnolo and Vasserot showed that the Khovanov-Lauda-Rouquier 
algebras associated with symmetric generalized Cartan matrices are isomorphic to the 
Yoneda algebras of certain complexes of constructible sheaves, and proved that the sets of 
isomorphism classes of irreducible modules over the Khovanov-Lauda-Rouquier algebras 
correspond to Kashiwara's upper global bases (=Lusztig's dual canonical bases). In the 
same spirit, in |VVlj . Varagnolo and Vasserot (resp. in |SW] . Shan, Varagnolo and 
Vasserot) introduced a version of Khovanov-Lauda-Rouquier algebras corresponding to 
the afiine Hecke algebras of type B and C (resp. type D) and proved the Lascoux-Leclerc- 
Thibon-Ariki type conjecture formulated in |EK] (resp. in |KMj ). 

The purpose of this paper is to introduce a new family of graded superalgebras which 
should be considered as a super version of the Khovanov-Lauda-Rouquier algebras. Let k 
be a commutative ring with 1, and let [ciij) ■ . , be a symmetrizable generalized Cartan 
matrix indexed by a set / with a decomposition / = /even U -^odd of / into the set /even of 
even vertices and the set /odd of odd vertices such that ajj G 2Z for any i G /odd- To such 
data we associate (see § l3.6p a family of (skew-)polynomials Q = {Qij{u, v))ij^i satisfying 
the conditions given in (13. ip . and then we define a family of graded k-superalgebras R„, 
the quiver Hecke superalgebras (Definition 13. ip . When /odd = 0, these algebras are nothing 
but the usual Khovanov-Lauda-Rouquier algebras. 

Let J be an index set with an involution c: J —> J and let Q = {Qij{u,v))ij^j be a 
family of polynomials satisfying the conditions given in (13. 5p . We define another family 
of graded k-superalgebras RC„, the quiver Hecke- Clijford superalgebras associated with 
Q. Let ~c be the equivalence relation defined by j ~c j' "^ j = j' or j' = c{j), I the set 
of equivalence classes, and /odd C / the image of J^ := {j E J ; c{j) = j}. Then we show 
that the corresponding superalgebras R„ and RC„ are weakly Morita superequivalent to 
each other (Theorem l3.13p . Moreover, we prove that, after a completion, the afiine Hecke- 
Clifford superalgebras are isomorphic to quiver Hecke-Clifford superalgebras RC„ with a 
suitable choice of Q (Theorem 14. 4p . We also show that the afiine Sergeev superalgebras, 
a degenerate version of the afiine Hecke-Clifford superalgebras, are isomorphic to quiver 
Hecke-Clifford superalgebras (Theorem 15. 4p . Consequently, the afiine Hecke-Clifford su- 
peralgebras as well as the afiine Sergeev superalgebras are weakly Morita superequivalent 
to the quiver Hecke superalgebras after a completion. 

Let q be the defining parameter for the afiine Hecke-Clifford superalgebras. In |BK3] . 
Brundan-Kleshchev showed that when q^ is a primitive (2/ -|- l)-th root of unity, the 
representation theory of some blocks of the afiine Hecke-Clifford superalgebras as well as 
that of their cyclotomic quotients is controlled by the representation theory of quantum 
afiine algebras of type Ag/ at the crystal level. Later, in |Tsu] . the third author showed 
that when q^ is a primitive (2Z)-th root of unity, the representation theory of some blocks 
is controlled by the representation theory of quantum afiine algebras of type D^ . In 
other words, the afiine Hecke-Clifford superalgebras and their cyclotomic quotients with 
the above defining parameters give a crystal version of the categorification theorem for 
the quantum afiine algebras of type ^2/ ' ^i ^'^'^ their highest weight modules. In 
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this paper, by taking all the finite-dimensional representations of affine Hecke-Clifford 
super algebras, we prove that the corresponding algebra are isomorphic to the quiver 
Hecke-Clifford superalgebras associated with (affine) Dynkin diagrams of type A^, B^, 

^001 A.^ , A21 , C; and iJ; . 

In the forthcoming papers, we plan to prove the conjecture that the quiver Hecke 
superalgebras and their cyclotomic quotients provide a categorification of the quantum 
Kac-Moody algebras and their highest weight modules. 

It is also worthwhile to note that any irreducible supermodule over a quiver Hecke 
superalgebra seems to remain irreducible after forgetting its super structure, contrary to 
affine Hecke-Clifford superalgebras or quiver Hecke-Clifford superalgebras. Hence quiver 
Hecke superalgebras are more suitable for a categorification of quantum groups than 
quiver Hecke-Clifford superalgebras. 

Finally, we would like to emphasize that the superalgebras R^ and RC„ cannot be re- 
duced to the usual Khovanov-Lauda-Rouquier algebras. In the following two cases, both 
(cyclotomic) Khovanov-Lauda-Rouquier algebras and (cyclotomic) quiver Hecke superal- 
gebras should categorify the same weight space of the representation of Uy^Q), but they 
are neither Morita equivalent nor weakly Morita superequivalent (see § l2.4p . 

(1) (see Remark 15. 6p Consider the case in which = ^2 and char k = 3 with / = 

{0, 1}, /even = {I}, -^odd = {0}, where is a short root. Let R^ (see 03.181) ) be a di- 

(2) 
rect summand of Rn, which categorifies [/"(Aj )_/3 with (3 = 8ao + 3ai. Although 

the Khovanov-Lauda-Rouquier algebra KLR^(742 ) also categorifies U~{A2 )-/3, 

(2) 
lrr(KLR/3(y42 )-mod) and lrr(R/3-mod) correspond to different perfect bases in the 

sense of |BeKaj at the specialization v = 1. 

(2) (see Remark [52D When q = A'{\ chark = with / = /odd = {0,1}. there is 
no Morita equivalence nor weak Morita superequivalence between the cyclotomic 
quiver Hecke superalgebra R4° and the cyclotomic Khovanov-Lauda-Rouquier al- 
gebra KLR4°(A) whatever superalgebra structure we give to KLR4°(A) and what- 
ever defining parameter of KLR4(/1) we take. 

This paper is organized as follows. In Section 2, we introduce the theory of super- 
categories as a basic language, including the notion of Clifford twist and weak Morita 
superequivalence. In Section 3, we define the quiver Hecke superalgebras R„ and the 
quiver Hecke-Clifford superalgebras RC„, and show that the superalgebras R„ and RC„ 
are weakly Morita superequivalent to each other. We also provide PBW-type bases for 
both superalgebras. In Section 4, we prove that, the affine Hecke-Clifford superalgebras 
are isomorphic to quiver Hecke-Clifford superalgebras after a completion. The intertwin- 
ers play an important role in the proof. In Section 5, by a similar argument, we show 
that the affine Sergeev algebras are isomorphic to quiver Hecke-Clifford superalgebras. 

Acknowledgments. The authors would like to thank Lukas Maas and Jiirgen Miiller 
for telling us the correct dimension of the irreducible spin representations of &u in char- 
acteristic 3 parametrized by a partition A = (6, 4, 1) in GAP Forum. The dimension, 
as explained in Remark 15.61 convinced us that R„ is a genuine generalization of the 
Khovanov-Lauda-Rouquier algebras while both of them should categorify the same Lie- 
theoretic objects. 
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2. SUPERCATEGORIES 

2.1. Clifford twist. Let k be a commutative ring. Let us recall that a k-/mear category is 
a category '^ such that Hom<^(X, F) is endowed with a k- module structure for all X, F G 
^ and the composition map Hom<^(y, Z) x Hom>i^(X, y) — )■ Hom<g'(X, Z) is k-bilinear. A 
functor F : ^ — )■ ^' from a k-linear category ^ to a k-linear category ^' is called k-linear 
if F: Hom^(X, F) — )■ Hom<i5f/(FX, FF) is k-linear for any objects X, y G ^. We say that 
an additive category is idempotent- complete if ker(p) exists for any object X of ^ and 
p G End<g'(X) such that p'^ = p. Hence for any such p, we have X ~ ker(p) © ker(l — p). 

Definition 2.1. 

(i) A supercategory is a category ^ equipped with an endofunctor Il<^ o]"^ and a natural 

isomorphism ^^^ : H|. ^^ id<:^ such that ^^^ o Uc^ = lic^ o ^c^ g Hom(H|., H<i^) . 
(ii) For a pair of supercategories (^, H, ^) and (^', H', C,'), a superfunctor from (^, H, C,) 
to (^',H',^') is a pair {F,a) of a functor F: ^ — )■ ^' and a natural isomorphism 

a : F o H ^^ H' o F such that the diagram 

(2.1) FoH2 ^H'oFoH ^H'^oF 

idp 

F *-F 

commutes. If F is an equivalence of categories, we say that (F, a) is an equivalence 
of supercategories. 
(iii) The notion of k-hnear supercategories and k-hnear superfunctors can be defined in 
a similar way. 

Throughout this paper, by a supercategory we mean a h-linear additive supercategory. 

For A G k^ , a supercategory (^, H, ^) is equivalent to the supercategory (^, H, A^.^). For 
a supercategory (^, H, ^), its reversed supercategory ^"^""^ is the supercategory (^, H, — ^). 
If \J —\ exists in k, then '^^^^ is equivalent to "^ as a supercategory. 

The Clifford twist of a supercategory (^, H, ^) is the supercategory (^'-^^, H^'^,^*-''^), 
where 'i^^^ is the category whose set of objects is the set of pairs (X, ip) of objects X of 

^ and isomorphisms (f : HX ^^ X such that 

(2.2) ipx ^ X commutes. 



HX 

For a pair (X, </)) and {X'ip') of objects of ^*"'^, Homc^cT((X, </)), (X^')) is the subset 
of Hom^(X, X') consisting of morphisms /: X — )■ X' such that the following diagram 
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commutes: 

n/ 

nx ux' 

^ f 
X — -X'. 

We define H^t ; ^ct ^ ^ct ^^^ ^ct. (nCT)2 ^ j^^^^^ ^y 

Sometimes we simply write ^ for (^, 11, ^), ^"^"^^ for its reversed supercategory and ^^"^ 
for its Clifford twist. 

Lemma 2.2. Let (^,11,^) 6e a supercategory. 
(i) There is a canonical superfunctor $ : '^^'^ — )■ ^'''^^ defined by 

^X,^)=X, 

$ o n^T^js^^ (^) = X -^ nx = n'''^" o $(x, (p). 

(ii) Assume that '^ is an additive category. 

(a) There is a canonical superfunctor \1/ : '^''^^ — )■ ^'-^'^ ^rzf en fey 

*(x) = (x©nx,y.x), 
^ o ^"^(x) = nx © n^x -^ X © nx = n^^ o ^x, 

where 

¥'^ = (idnx^o")^nx©n2x^x©nx, 
^x = (idnx "o") : nx © n^x ^ X © nx. 

(b) There exist canonical isomorphisms 

$ o ^(X) ~ X © nx and ^ o $(Z) ~ Z © n^^z, 

which are functorial in X ^'ia and Z G 'io^'^ . 
(iii) There are isomorphisms n o $ ~ $ o n*^^ ^ $ and n'^'"'" o\l/^vI>on^\l/. 
(iv) $ and \E' are biadjoint to each other {i.e., ^ is a left adjoint and a right adjoint of 
^). 

Proof, (i) Since the diagram 

$ o (ncT)2(x, if) -^^ ff- o $ o ncT(x, if) -^^ {w'^^f o <i.(x, if) 
^^^ n"^^" o $(x, -v?) ^^-^ (n=^ev)2 o $^^^ ^) 




n^x 



-a 

commutes, $ is a superfunctor from ^"-^^ to ^''*'^. 
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(iia) Since ^x o iji^x) = ( Z. ^o ) ( i^x ""o" ) = ( ^o" ^L ) = ^z, we see that {Z, 



^x, 



{X © UX, ifx) is an object of ^'^^ . Since the diagram 



n^x © Wx 



*-i z. -T 



(nx 



nx © n^x - 

commutes, ipx is a morphism in '^'^'^ . 
Since the diagram 



'/'x = 



-^x 
idnx 



^on^x 



u^x © u^x 



-^ n^T o ^ o nx 



id 



-fox 
n2A- 



*- nx © n^x 



-^ nx © n^x 



-Vx = 

-^x©nx 



-U 

idnx 



-«x 
idnx 



- (ncT)2 o *x 



-^x©nx 



/-Cx 
V -Cnx 

commutes, \1/ is a superfunctor from ^''''^ to ^'~'^. 

(iib) is obvious. 

(iii) (''o'^' -idnx) ^ End(X © nX) gives an isomorphism n o ^(X) ^^^(X). Similarly, 

we have the other isomorphisms. 

(iv) is straightforward. D 

In the rest of this paper, we assume that 

(2.3) 2 is invertihle in k. 

Hence for a k- linear idempotent-complete category ^ and p G End^(X) (X G ^) such 
that p^ = idx, we have the decomposition X ~ ker(idx —p) © ker(idx +p)- 

Lemma 2.3. Let 'if be a h-linear supercategory. If ^ is idempotent-complete, then 
(^*"'^)*"'^ is equivalent to '^ as a supercategory. 

Proof. The underlying category of (^^'^)^'^ is the category ^' whose object is a triple 

(X, (y9, ■?/'), where ip: nX^^X satisfies (12. 2p . ip G End'^(X) satisfies ip"^ = idj\: and the 
diagram 



nx 



Uip 



nx 



X 



X 



is commutative. The involution n' of ('^^'^)^'^ is given by Il'{X,ip,ip) = {X,ip, —ip) and 

the isomorphism ^': n'^ ^^ id^' is given by n'^(X, if, ip) = (X, if, ip) - 
Since ip'^ = idx, we have a direct sum decomposition X ^ X+ 



-^ (X,v5,?/;). 
X„ with X± 



ker(idx T"^)- Moreover, the commutativity of the above diagram implies that if induces 



an isomorphism if± : nXj 



4-Xzp. We define the functor $: ^' 



^by 



^X,ip,iP) = X, 
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and the morphism a: $on'— T-Ho^by 

$ o n' (X, (/?, ^) ~ x_ — ^^— ^ nx+ ~ n o $ (X, (/?, ?/^). 

Since the diagram 

<i>(x, (^, ^) — ^^ — *- n o $(x, (^, -^) ^^^^ n^ o $(x, v9, V') 




commutes, $ is a superfunctor from (^'-^^)'~'^ to 'i^. 

Let ^: "^ -^ ^' be the functor given by ^(X) = (X © IIX, (yjx, V^x), where (/^x = 
( idnx ) ^^^ '^^ ~ ( 'If - idnx ) ' "^^^^ ^^ ^^^ easily check that \1/ is a quasi-inverse of 
$. """ """ D 

Let (^, n, ^) and (^', H', ^') be a pair of supercategories. Let Fct(^, ^') be the category 
of functors from the category ^ to ^'. Then Fct(^, ^') is endowed with the structure of 
supercategory by Up^tiF) = U'oFoU, and ^Fct = ^'oFo^: U^^^{F) = U'^oFoU^ -^^ F. 
Then the underlying category of Fct(^, ^')^'^ is equivalent to the category Fctsuper(^, ^') 
of superfunctors from ^ to ^', and its supercategory structure is given by n(F, a) = 
{F,-a). 

The category Fctsupcr(^, ^') is endowed with another structure of supercategory given 
byn(F,a) = (n'oF,n'oa) and ^(i^, a) = ^'o F: U\F,a) = (H'^ oF, H'^ oa) ^^(F, a). 

Definition 2.4. Let (^, 11, C.) be a supercategory such that '^ is an exact category and U is 
an exact functor. The Grothendieck group K™p'^''(^) o/^ is the ahelian group generated 
by [X] {X is an object oflo) with the defining relations: 

(a) z/ — )■ X' — )■ X — )■ X" -^ is an exact sequence, then [X] = [X'] + [X"], 

(b) [nx] = [x]. 

We have K^''^'^' {'^"'^) ~ K^^'P"' {"tf) and Z[l/2] ® K^^'p"' {"tf^^) ^ Z[l/2] ® K"^^p'='^(^) by 
Lemma I 



2.2. Superalgebras and supermodules. Let A be a h-superalgebra; i.e., a k-algebra 
with a decomposition A = Aq © Ai such that AiAj C A+j (^, j ^ Z/2Z). 

Let 0A be the involution of A given by (pAi^i) = (~l)^ct for a E A^, with £ = 0, L 
Then the category of left A-modules Mod(A) is naturally endowed with a structure of 
supercategory. The functor LI is induced by (pA- Namely, for M G Mod(y4), there is an 
additive group isomorphism tt: M — )■ UM such that a7i{x) = 7i{(j)A{ci)x) for any a E A, 
x E M. The morphism ^m '■ H^M — >■ M is given by 7r(7r(x)) ^-^ x {x E M). 

An A-supermodule is an A-module M with a decomposition M = Mq © Mi such that 
AiMj C Mj+j (i,j E Z/2Z). An A-linear homomorphism between A-supermodules is 
called even if it respects the Z/2Z-grading. 
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Let Modsupcr(^) be the category of A-supermodules with even A-hnear homomorphisnis 
as morphisms. Then Modsupcr(^) is also endowed with a structure of supercategory. The 
functor n is given by the parity shift: namely, (nM)^ := {n{x) ; x G Mi_g} {e = 0, 1) and 
a7r(x) = n{(j)A{ci)x) where a E A and x G M. The isomorphism ^m'- H^M — )■ M is given 
by TTTT^x) H^ X (x e M). Then there is a canonical superfunctor Modsuper(^) — ^ Mod{A). 
For an A-supermodule M, let cpM'- M — )■ M be the map 0m Im^ = (— l)^idA/E- Then we 
have 0A/(fla^) = 0A(fl)0A/(a^) for any a E A and x G M. 

Lemma 2.5. Let A be a superalgehra in which 2 zs invertible. Then we have 

Mod(A)^^ ^ Modsupcr(^)''" and 

(ModsuperlA)--^^)^^ ~ Mod(A). 

Proof. Let us define the superfunctor ($, a) : Modsuper(A)''^'' -)■ Mod(A)^'^. For M G 
Modsuper(^), set $(M) = {M.iIjm), where Vm: HM -)■ M is given by VM7r(x) = 0M(a^) 
(x G M). We set um = ^m : HM -)■ M. Then the diagram 

n^M ^M 



i>n 



M 



-IpM 



0!M 

UM >-M 

is commutative, since for any x G M we have 

aM^nM(7r7r(x)) = aA/(0nA/vr(x)) = aA/(-7r((/'A/(a;))) = -(Pm(Pm{x) = -x, 
ipM o naAf(7r7r(x)) = ^Af (7r(aM(7r(x)))) = (I)m4>m{x) = x. 

Hence um is a morphism from $ o UM to H o (^M in Mod(/l)^^. Since the diagram 

$ o n^M — ^^^ n o $ o HM — ^^ n^ o $m 

(n^M, ^n^Af ) ^2^ (nM, -7/;nA/) ^^ (M, ^a^,) 

(M, ^A/) ^ (M, t/^a./) 

is commutative, we have defined a superfunctor ($,a): Modsupcr(^)'^'^^ — ^ Mod(y4)^"'". It 
is straightforward to prove that $ is an equivalence. 

The second equivalence follows from the first one and Lemma I2.3[ D 

2.3. Tensor products. Let A and B be superalgebras. We define the multiplication on 
the tensor product A® B hy 

(ai ® hi){a2 ® 62) = (-l)^i^H«i«2) ® (&1&2) 

for aj G Ag., 6j G -B^'. Then A® B is again a superalgebra. Note that we have A® B = 
B ® Ahy the supertwist map 

A®B^^B®A, a(S)bi — > {-ly^'^b ^ a {a E A,^, b e B,^). 

Example 2.6. 
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(i) For n G Z>o, let £.„ be the Clifford superalgebra generated by the odd generators 
Ci, . . . , C„ with the defining relations: 

C2 = 1 (z = 1, . . . n) and dCj = -Cfii for i ^ j. 

Hence C ^ (Ci)®". 
(ii) Let us denote by C^ the superalgebra with the same definition but the relations 
Cf = 1 are replaced by C^^ = — 1. 

Lemma 2.7. We have 

(2.4) Mod(v4 ®k ^i) ^ {Mod{Af^y''\ 

(2.5) Mod(A ®k CTi) - Modsupcr(A), 

(2.6) Mod(A ®k ^i) ^ (Mod(A)^"")°^. 

Proof. Let us construct an equivalence $: Mod(yl ®k ^1^" —^ Mod(yl)^'^. For M G 
Mod(A (g)k (2:i), we set $(M) = (HM ^^ M), where v^m: HM -^ M is given by 
¥?M(7r(a;)) = Cix. Since Cf = 1, we have 

V9Af(nv9A/)(vr^(x)) = v9M(vr(v?A/(vr(x))) = v5M(vr(Cix)) = C^x = x. 

Hence HM ^^ M is an object of Mod(A)^'^. Then ipuM- n^M — y UM is given by 
9^nA/(7r^(x)) = Ci7r(a;) = — 7r(Cix). In the diagram 



$ o H(M) : n^M ^^^ HM 



(2.7) 



om noM 



om 



HCTo$(M) : HM— ^M 



we define om by aMiT^ix)) = Cix so that we have (HaAf)(7r^(x)) = n^Cix). Hence the 
right square in (12. 7p commutes. Thus this defines the morphism a: $ o H — )■ H*-'^ o $. 
Then the diagram 



H^M ^ HM ^ M 



(m - id 



i\/ 



idi\/ 

M ^M 

commutes, since 

aManAf(7r^x) = aA/(Ci7r(x)) = — aA/(7r(Cix)) = — Cfx = — x. 

Hence ($, a) gives a superfunctor Mod(74 (g)k (J^i) -)■ (Mod(74)^'^)'^°^. 

The second equivalence follows from the first one and Lemma [2751 The third equivalence 
follows from Mod(yl ® (Ti (g) £]") ~ Mod(v4). D 

Remark 2.8. (i) Let ^ = (^, H, ^) be a supercategory. Let Z{^) be the commutative 
ring End(id%f). It does not depend on H. Let Zsupcr(^) be its subring 

{V^ G End(idc^) ; ipnx = H(?Ax) e Endc^(HX) for any X e '^} . 
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(ii) If "^ = Mod(y4) for a superalgebra A, then we have 

Z(^) ~ Z{A) ■.= {aEA;ab = ba for any b e A} , 
^super(^) ^ Zo{A):=AonZ{A), 
and 



~ {a ® 1 + 6 ® Ci ; a, 6 G v4o and ax = xa, bx = (f)A{x)b for any x E A} , 

2.4. Weak superequivalence. Let ^ and ^' be supercategories. We say that "^ and 
^' are weakly superequivalent if there exist a pair of supercategories ^i and ^2 and su- 
perequivalences ^ ~ ^1 ® ^2 and ^' ~ '^1 © ^2*^'^. 

If "^ and ^' are weakly superequivalent and ^' and ^" are weakly superequivalent, 
then ^ and "i^" are weakly superequivalent. Indeed, if ^1 ©"^2 — ^3 0*^4, then there exist 
supercategories ^1^3, ^1^4, ^2,3, ^2,4 and superequivalences "i^j ~ %^3 ©"^4,4 (« = 1,2) and 
'^j ~ ^ij © %j {j = 3, 4) such that the composition ^1 © ^2 - ^1,3 © ^i,4 © ^2,3 © ^2,4 - 
^3 © ^4 is isomorphic to the given superequivalence. 

Definition 2.9. Let A and B he superalgebras. 

(i) We say that A and B are Morita superequivalent i/Mod(A) and Mod(5) are super- 
equivalent. 
(ii) We say that A and B are weakly Morita superequivalent if Mod(A) and Mod(-B) 
are weakly superequivalent. 

Note that superalgebras A and B are weakly Morita superequivalent if and only if there 
are decompositions A = Ai(BA2 and -B = i?i©i?2 as superalgebras and superequivalences 
Mod(Ai) ~ Mod(5i) and Mod(A2) ^ Mod(S2)^'^. Note that A and B are Morita 
superequivalent if and only if there exists an (A, i?)-supermodule P satisfying one of the 
following equivalent conditions: 

(i) N ^ P ®B N is an equivalence of categories from Mod(i?) to Mod(74), 

(ii) N h^ P ©B A^ is an equivalence of categories from Modsuper(-B) to Modsupcr(^), 

(iii) M I— !■ HomA(P, M) is an equivalence of categories from Mod(y4) to Mod(-B), 

(iv) M \-^ Hom^(P, M) is an equivalence of categories from Modsuper(^) to Modsupcr(-B), 

(v) M h^ M ©^ P is an equivalence of supercategories from Mod(A°P) to Mod(i?°P), 

(vi) A^ I—)- Hom^op (P, A^) is an equivalence of supercategories from Mod(P°P) to Mod(y4°P), 

(vii) P is a faithfully flat A-module of finite presentation and B -^^ Endyi(P)°PP, 

(viii) P is a faithfully flat P- module of finite presentation and A -^^ EndB(P). 

Remark 2.10. (i) €„ © ^~ is Morita superequivalent to k. 
(ii) Let y4 be a superalgebra and e E A a full even idempotent; i.e., e G Aq, e^ = e and A = 
AeA:={Y^^=^ a^ebi ; Oj, bi E A,n> 0}. Then, A and eAe are Morita superequivalent. 

(iii) Assume that \/—l exists in k. Then k-superalgebras A and /l©lt„ are weakly Morita 
superequivalent. Two k-superalgebras A and B are weakly Morita superequivalent 
if and only if there exist direct sum decompositions A = Ai ® A2, B = Bi ® B2 and 
Ai is Morita superequivalent to Pi and A2 is Morita superequivalent to P2 © Ci by 
Lemma 12.71 
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2.5. Self-associate simple objects. Let us assume that k is a field of cliaracteristic 
7^ 2, and let '^ be a k-linear abelian supercategory. 

We say that a simple object 5" of ^ is self-associate if US is isomorphic to S. Let 
lrr('^) be the set of isomorphism classes of simple objects. Then it is divided into the 
set Irr (^) of self-associate simple objects and the set Irr (^) of simple objects which 
are not self-associate. Note that 11 gives an involution of lrr('^), and Irr ('^) is the fixed 
point set. 

Lemma 2.11. Assume that k is algebraically closed and ^ satisfies the following condi- 
tions. 

(a) ^ is an abelian category, 

(b) any object of ^ has a finite length, 

(c) k^^End':^(5') for any simple object S of^. 

Then we have 

(i) '^'^"^ also satisfies the above conditions, 

(ii) the superfunctors $ : '^'^^ — > ^''"^ and \& : '^''^^ — )■ ^'^'^ in Lemma 12.21 induce two- 
to-one maps lrr^2^(^CT) ^ kr^^(^) and lrr^5^(^) -^ Irr^^(^CT)^ respectively. 

Proof, (i) is obvious. Let us show (ii). Note that $ and \E' are exact functors, and \E' is 
a left adjoint of $. Let X e lrr'^^^(^^'^). Take a monomorphism S >—> M := $(X) with 
a simple object S of ^. Since \1/ is a left adjoint of \1/, we have g: "^{S) — )■ X. Since 
it is a non-zero morphism, g is an epimorphism. Since II o \|/ ^ v]/ and since X is not 
isomorphic to II'^'^X, g is not an isomorphism. Hence 5" © US ~ $ o \E'(S') — )■ M is not 
an isomorphism. Hence 5 — )■ M is an isomorphism, Therefore S* G Irr ('^). 

Conversely, let S" be a self-associate simple object of ^. Let ip: US -^^ S be an iso- 
morphism. Then if o Il{if) = a^s for some a G k^. Take c G k^ such that c"^ = a and 
set (f' = c~^(f. Then we have (f' o H(y9' = C,s- Then X := {S,(f') is an object of ^*-^'^. It is 
obviously a simple object of ^'"^. If {S, —f') = H*""'"X — )■ X is an isomorphism, then it 

is given hj f : S ^^ S such that / o {—(f') = (p' o H/. Since f = a ids for some a G k^ it 
is a contradiction. Hence X is not self-associate. 

Now it is obvious that if X and X' are simple objects of ^"-^^ that are not self-associate 
and <I>(X) ~$(X'), thenX'^X or X'~HX. D 

3. Quiver Hecke superalgebras 

3.1. The quiver Hecke superalgebra R„. Recall that 2 is assumed to be invertible in 
the base ring k. Let J be a finite set with a decomposition I = /odd U -^even- We say that 
i G /even IS an even vertex and i G /odd is an odd vertex. For i G /, we denote the parity 
of i by par(z); i.e., 

/ -N I U n Z G -iGven! 

pa.T[t) = < 

yi if 2 G /odd- 

For each i,j G /, consider the k-algebra £/ij = k(u;, z) /{zw — (^—I^p^'^^^^p^'^^^^wz) gener- 
ated by the indeterminates w, z with the defining relation 



12 SEOK-JIN KANG, MASAKI KASHIWARA, AND SHUNSUKE TSUCHIOKA 

Let Q = {Qij{w, z))ij^j be a family of (skew-)poljTiomials satisfying the conditions 



(3.1) <^ 



(i) Qij{w, z) G ^ij for all i,j G /, 

(ii) Qij{w,z) = if z = j, 

(iii) Qij{w,z) = Qj^i{z,w) for all i,j G /, 

^ (iv) Qi,j{w, z) = Qlj{-w, z) for all i G /odd, j G I- 

Hence Qij{u, v) belongs to the subalgebra s^ij of s^ij generated by w^~^^^^^^^ and z1+p^''(-?). 
Note that ^j is commutative and isomorphic to the polynomial algebra. 

Definition 3.1. The quiver Hecke superalgebra R^ is the h-superalgebra generated by the 
elements {Xp}i<p<„, {r„}i<a<n, {e{i^)}u€i" with parity 

par(e(z/)) = 0, par(xpe(z/)) = par(z/p), par(rae(i^)) = par(i^a) par(i^a+i) 
and the following defining relations. 
(i) e{fi)e{u) = 6^^e{fi) for all fi,u e /", and 1 = J2uei" ^(z/), 



XpXge[u) 



-XgXpe(u) ifp ^ q and i/p, i/g G /odd, 
XqXpe{u) otherwise, 



(iii) TaXpe{u) = (-1)p^>-K) p^'(''-) P^'(''-+^hpTae{iy) 'ifp^a,a + l, 
(iv) 

{TaXa+i - (-l)P^^('^'')P^'-('^''+i)x,rJe(z/) = {xa+iTa - (-l)P^'-('^") P^^-^^^^^ V,x Je(z/) 

otherwise, 

(v) T-2e(i^) =Q^^,^^+^(a;a,a;a+i)e(i^), 

(vi) r„rf,e(l^) = (-l)P'^'-K)par(i.,+i)parK)par(i.,+i)^^^^g(^^) ^j |a - 6| > 1, 

(vii) 

{.Ta+lTaTa+1 - TaTa+lTa)e{u) 



.l)parK)^^^^^_ 



_ -e{v) ifVa = ^a+2 e /even, 

■^a+2 -^a 



Xn 



•^a+2 -^a 







-e{u) 

ifVa = Va+2 e /odd, 

otherwise. 



If /odd = 0, the quiver Hecke superalgebras R^ are nothing but the usual Khovanov- 
Lauda-Rouquier algebras. Note that, when Ua is odd, Qu^^y^j^^ belongs to the commutative 
ring k[x^,Xa+i], and hence we can define 



■^a+2 -^a 
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as an element of k[xl,Xa+i,xl_^2]- Fo^ ^^le connection with a generalized Cartan matrix, 
see § 13.61 

Remark 3.2. For {lij)..^^ with 7^^- G k^ define Q' = {Qij)-j^j by 

Qiji^^^z) = -fi,j-fj,iQi,ji-fi,iW,-fjjz). 
Then, the assignment Xpe(z/) t-> 'Jup,upXpe{h'), Tae{u) ^ 1ua,ua+i'^a^i^) induces an isomor- 
phism R,(Q) -^R,(Q')- 

The purpose of this paper is to investigate the basic properties of the quiver Hecke 
superalgebras R„ and show that the affine Hecke-Clifford superalgebras and affine Sergeev 
superalgebras are weakly Morita superequivalent to some quiver Hecke algebras after a 
completion. 

3.2. Twisted tensor product with symmetric groups. Let A be a ring with an action 
of the symmetric group ©„ and let Z{A) be the center of A. Let Oj (i = 1, . . . , n — 1) be 
elements of Z{A) satisfying the following conditions: 

(3.2) wai = ttj for any w G ©„,, 1 < i,j < n such that w{i,i + 1} = {j,j + 1}. 

It is easy to see that this condition is equivalent to the conditions 

J Sjtti = Oj if j 7^ 2 - 1, 2 + 1, 

1 Sj+iaj = Sjaj+i for \ <i <n — 2. 

Proposition 3.3. Assume that a family of elem,ents {aj}i<j<n of Z{A) satisfies one of 
the equivalent conditions (13.21) or (13.31) . Let R he the ring generated by A and 'si {i = 
1, . . . , n — 1) with the defining relations: 

(a) A ^ R is a ring homomorphism, 

(b) Sj o a = Si{a) o Sj for any a E A and i = 1, . . . ,n — 1, 

(c) the 'si 's satisfy the braid relations 

(3.4) SiSj = SjSi for |z - j| > 1 and Si+iSiSi+i = SiSi+iSi. 

(d) 'sj = ai for any i = l,...,?i — 1. 

For a reduced expression w = Si^ ■ ■ ■ Si^ of w E &n, set s^ = Sj^---Sj^. Then s^ is 
independent of the choice of a reduced expression and there exists a linear isomorphism 

A O Z[6„] — > R 

given by a®w 1 — )■ a'sy^ . 

Proof. Let 

, , 10 if lisiw) > w, 
ei{w) = < 

I 1 11 l{SiW) < w, 

where l{w) denotes the length of a reduced expression of w. We define the action of Sj on 

A ® Z[6„] by 

Sj(a ® w) = Si{a)a'l ® SiW. 

It is enough to show that 'si satisfies the relations (b)-(d). Since (b) is obvious and (d) 
easily follows from ei{w) + ei{siw) = 1, we will show (c) only. 
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We shall first show 'si'sj = 'sjSi for |i — j| > 1- By the relation 

'siSj{a ® w) = 'si{sj{a)a-' ® Sjw) = SiSj{a){siajy^^'^'al ® SiW, 

the assertion reduces to {siajY^^'^'^al^ = (sjai)^'^"'''a^'' , which easily follows from 
(I3.3P and ei{sjw) = ei{w). 

Let us show Sj+iSjaj+i = ijSj+iSj. We have 

Si+iSiSi+i{a (g)w) = s:j+is:j((si+ia)a-;Y ® si+iw) 

— [Si+iSiSi+ia)a^ [Si^iai) ^ ctj+i "Jv -Sj+iSjSj+iW. 

Similarly, we have 

SiSi+iSi [a (g) w) 

Hence the desired result follows from 

Siisi+iw) =ei+i{siw), 

which can be easily checked by reducing it to the ©3-case. D 

The proof of the following lemma is straightforward. 

Lemma 3.4. Let {cij)i<i-tj<n be a family of elements of Z{A) such thatw{cij) = Cw(i),w{j) 
for any w G ©„. Then the Cj^j+iSj 's satisfy the braid relations fl3.4l) . 

3.3. The quiver Hecke- Clifford superalgebra RC^. Let J be a finite index set with 
an involution c: J ^>- J. We denote by J'^ the set of fixed points {j ^ J ; c{j) = j} 
and let I denote the set of equivalence classes under the equivalence relation given by 
i^cj'^i=j or i = c(j). We denote by pr the canonical projection J ^ I. The 
symmetric group (3„ acts on J" in a natural way. We define Cp-. J — !■ J by 

CpU = {c^''''ue)i<e<n for u = {ui, . . . , z/„) G J"". 

Let Q = {Qij{u,v))ijizj be a family of polynomials in k[M,t;] satisfying the following 
conditions: for all z,j G J, we have 

(3.5) Qci,j{-u, v) = Qi,cj{u, -v) = Qijiu, v), 

Qi,jiu,v) = if pr(2) = pr(j). 

In particular, Qij{u,v) = Qij{—u,v) for i G J'^. 

Definition 3.5. The quiver Hecke-Clifford superalgebra RC„ is the 'k- superalgebra gen- 
erated by the even generators {yp}i<p<n, {o'a}i<a<n, {e(j^)},ygjn and the odd generators 
{Cp}i<p<n with the following defining relations: for fi, v G J", l<p, 5'<''^, l<ct< n — \, 
we have 
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(ii) 
(iii) 

(iv) 

(v) 
fvi) 



e{fi)e{u) = 6^^e{fi), 1 = Er.Gj-e(i^), ype{u) = e{v)yp, Cpe{v) 

UpUq VqUp! ^p^q ' ^q^p ^'Jpqj 

CpVq = i-iy^'^yqCp, 

(Taeiy) = e{Saiy)(Ta, aaCp = Cs4p)aa, 

o-aype{y) = yp(Tae{v) ifp^a,a+l, 



e[CpU)Cp, 



[O-aya+l - yaO'ajeiiy) = < 



-CaCa+ieiv) Va = CUa+1 ^ ^^ 

(1 - Cata+l)e{v) Va = ^a+l £ J"" , 

otherwise, 



or equivalently, 



O-aya+l - yaO-a = ^ e(z/) - ^ CaCa+ie{v) 

Va = Va+l Va = CVa + l 



(vii) 



(t/a+lO-a - Craya)e{v) 



e{u) Va = l^a+1 ^ J", 

CaCa+ie{iy) Va = CVa+1 ^ J" 

(1 + CaCa+l)e(l^) Va = Va+1 G J", 

otherwise, 



or equivalently. 



ya+lf^a - (^aya = ^ e{v) + ^ CaCa+ie{v) 



ya = Va + \ 



Va=CUa + \ 



(viii) 

(ix) 

fx) 



^ae(l^) = Qua^u^+Aya,ya+l)e{v), 

CTaCTb = crb<ya if |a - 6| > 1, 



ya+2 - ya 

^J'aji^a+ivl/a+S) 1/a+l j ^ya,i^a+i\ yaiya+l 



ya+2 + ya 



e{v) 

CaCa+2e(v) 



if ^a = l^a+2 ^ ^^ 
if Va = CVa+2 ^ J" 



■e{v) 

_ ya+2 ~ ya _ 

Qua,ya+Aya+2^ya+l) ~ Vi/g.i/g+i (l/a) Z/g+l) 

ya+2 + ya 



CaCa+2e(z/) if Va = Va+2 G J" 

otherwise, 
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or equivalently, 

e(z/j 

Z/a+2 - Va 
+ >, \ CaCa+2e(z/). 

„ ir" ?/a+2 + ya 

We first calculate the commutation relation between (Ta's and the polynomials in y^^ 

(/c = 1, . . . ,n). Set 

ea,6= E e(i/), e-;,= E e(z/), 

Ga = ea,a+l; e„ = Ga,a+1- 

Hence we have 
(3.6) 

Va+lCTa - CTaya = ^a + CaCa+ie„ . 

Lemma 3.6. For 1 < a < n and f{yi, . . . , ?/„) G k[|/i, . . . , y„], we have 

(3.7) CTa° I = Sail) O 0"^ H C^ - CaCa+1 ■ e„ , 

Va+l - Va ya+1 + ya 

where 

,„ ^, isaf)iyi,...,yn) = fivi, ■ ■ ■ ,ya-i,ya+i,ya,ya+2, ■ ■ ■ ,yn), 

(o.o) _ 

{saf){yi, ■■■,yn) = f{yi, • • • , i/a-i, -ya+1, -ya, ya+2, ■■■,yn)- 

Proof. We will use induction on the degree of /. Assume that (13.71) holds for /. We will 
show that it holds for ypf as well. 

It is evident for p ^ a,a + 1. If p = a, then 

O-a O iVaf) = iVa+lO-a " Ga " C^Ca+ie") O / 

f rr; , f -Saif) f-^af \ n r - 

= ya+1 Sail) O 0-a H ea - C^Ca+l ■ 6^ " /Ga - CaCa+i/e„ 

^ Va+l - Va Va+l + Va ' 

I n^ , fya+l{f -Saif)) \ fya+l{f-^af) A _ 

V ya+1 -ya J V ya+1 + ya J 

I r^ , yaf- Saiyaf) . -yaf + ^a{yaf) _ 
= Sa[yaf) O 0-a H G^ + C^C^+l ■ e„ , 

ya+1 - ya ya+1 + ya 

and if p = a + 1, then 

O-a O {ya+lf) 

= {yaO-a + ea - CaCa+ie~) O / 

= ya\Sa{f)o(Ta^ ea - CaCa+1 ■ e„ + /e^ - CaCa+l/e„ 

V ya+i - ya ya+1 + ya ' 

( f\ , fyaif-Saif)) , .A , fVaif-^af) n\ _ 

= Sa{ya+lf) °(Ta+ { + f ] ^a + CaCa+1 ■ / e„ 

V Va+l -Va J V Va+l + Va J 

, f. , ya+lf - Sa{ya+lf) , -ya+lf + Sa{ya+lf) _ 
= Sa[ya+lf) O 0-a H G^ + taCa+1 ■ e„ , 

ya+1 - ya ya+1 + ya 
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which proves our assertion. D 

Note that the k-algebra (k"^)®" and (t„ are canonically identified with ^^^jn ke(i^) and 
({cp}i<p<n I CpCq + CqCp = 26pq) , respectively. We denote by An the superalgebra generated 
by {Vp, Cp, e(z/) \ 1 < p < n, u E J"} with the defining relations ©-dm]) given above. 
Clearly, we have a k-supermodule isomorphism 

(k-^)®" ® k[|/i, . . . , y„] ® e:„ -^ An, e{u) ® / ® c ^ e{u)fc, 

where u e J"",/ e k[yi, ...,?/„] and c G G:„. 

Remark 3.7. The algebras An and RC„ have an anti-involution that sends the generators 
Up, Cp, (Ta, e(z/) to themselves. 

3.4. Realization of quiver Hecke-Clifford superalgebras. Let /C„ be the superal- 
gebra k[yi, ..., yn][{ya - yb)~^, iVa + yb)~^] I < a < b < n] ®k[yi,...,j/„] An- The symmetric 
group &n acts on An and /C„. 
For 1 < a,b < n with a ^ b, set 

Qa,b = E Qua,uiiya,yb)eiiy), 



Ra,b = Qa,b - iVa - Vb) "^^afi - {Va + Vb)' 



"a,fe 



(3.9) 



E Qua,uAya,yb)e{v) - E 7 — :: — N^e(z/) 

Then the Ra.b^ belong to the center of /C„ and satisfy the properties 

Ra,b = Rb,a and w{Ra,b) = Rw{a),w{b) ^^^^ ^11 W G ©n- 

Let us denote by KSn the k-superalgebra generated by the k-superalgebra /C„ and Sfc 
(/c = 1, . . . , n — 1) satisfying the defining relations: 

the Sfc's satisfy the braid relations (13. 4p . 
(3.10) { si = Rk,k+i and, 

'sk ° a = (sfco) o Sfc for all a G /C„. 



Then by Proposition 13. 3[ we have a k-linear isomorphism 

(3.11) ]Cn(^k[&n]^^ICSn. 

Theorem 3.8. Assume that {Qij)ij^j satisfies the conditions (13. 5p . Set 

Sae(z/) i/pr(i^a) 7^ pr(z/a+i), 

(Sa - iVa - ya+l)~'^)eiu) if Z/„ = Z/„+i ^ 7^=, 

(Sa + {ya + ya+iy^CaCa+l)e{u) if Z/^ = CZ/^+i ^ J^ 

, {Sa - {Va - Va+iy" + {Va + ya+l)"^CaCa+l) e(l/) if Va = l^a+1 £ ^''• 

Then the cTa 's satisfy the commutation relations in Definition 13.51 Moreover, the superal- 
gebra homomorphism RC„ — )■ /CiS„ thus obtained is injective. 



o-aCiu 
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Proof. For 1 < a,b < n with a ^ b, set 

(3.12) fa,b = iVb - ya)~^ea,b + {Vb + ya^^CaCbe^f, E K-n, 

and fa = fa,a+i- Then we have 

Cra = Sa + fa 

and /a,fe's satisfy the relations 

W{fa,b) = fw{a)Mb) ^I' ^ny W e &n, 
Ja,b Jb,a- 

We can easily verify that faCb = Cs^{b)fa- 
Since 



2., 



fa = iVa - Va+l) Qa + {Va + Va+l) e„ 

we obtain 

(3-13) Ra,b = Qa,b — fa,b- 



Note that the commutation relations (i)-(v) and (ix) are obvious. Moreover, (vi) follows 
from fa,byb — yafa,b = Qa,b — '^a^b'i^b ^"^^ (^^^0 '^^^ ^e Verified in a similar manner. 

For the relation (viii), since 'Sa and fa anti-commute with each other, we have 

(^a = Sa + fa = Ra,a+1 + fa = Qa,a+1 

as desired, where the last equality follows from f l3.13p . 

It remains to verify the relation (x). By the definition, we have 

<^ a+l<^ a<^ a+l = <^ a+l<^ a{s a+1 + fa+l) 

= aa+l(SaSa+l + {Safa+l)Sa + fa'Sa+l + fafa+l) 

= Sa+lSaSa+1 + [Sa+lSafa+lj^a+lSa + (Sa+l/aJ-Sa+l + (-Sa+l/a) ("Sa+l/a+lj-Sa+l 

~\~fa+lSaSa+l + f a+l\S a f a+l) S a + fa+lfa^a+l + fa+lfafa+1 
= Sa+l^a^a+l + fa^a+l^a + fa+l^a^a+l 

+ (/a+l/a ~ fa,a+2fa+l)Sa+l + fa+lfa,a+2Sa + fa+lfafa+1 + fa,a+2J^a+l,a+2- 

Similarly, we have 

= SaSa+l^a + \S aS a+1 f a) S aS a+1 + (-Sa/a+lJ-^a ~^ [Safa+l){Safa)Sa 
'\~faSa+lSa + fa[Sa+lfa)Sa+l + fafa+l^a + fafa+lfa 

= Sa^a+l^a + fa+l^a^a+l + fa^a+l^a 

'^[fafa+l ~ fa,a+2fa)Sa + fafa,a+2Sa+l + fafa+lfa + fa,a+2J^a,a+l- 
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Hence our assertion would follow from the following equalities: 

Jaja+l Ja,a+2ja T~ Ja+lJa,a-\-2) Ja+lja Ja,a+2ja+l ' JaJa,a-\-2i 

Ja+lJaJa+1 ~ Jaja+lja + /a,aH-2(-n^a+l,a+2 ~ ^a,a+l) 

(3.14) _ v^ Qua,Ua+i{ya+2,ya+l) - Qua,Ua+i{ya,ya+l) , . 

Ua=i'a+l ya+2 ~ Va 

, v^ ^i^a,i^a+i\ya+2iya+l) ^i^a,i^a+i\ yaiya+l) , N 

ya=cva\\ ya+2 + Z/a 

In order to show the first and the second equalities, let us show 

(3.15) fa,bfb,c + fb,cfc,a + fc,afa,b = for distluct elements a,b,c E {1, . . . ,n}. 
Set hafi = {yb - ya)~^Ga,b- Then we have 

fa,b = ha^b + '^aha,b'^b = ^a,b + '^bha,b^a, 

which yields 

fa,bfb,c = {ha,b+ <^bha,bCa){hb,c + Cchb^cC-b) 

= habhbc + l^bha,bhb,c<^a + '^cha,bhb,c'^b + ^aha,bhb,c^c- 

Hence 03.15P is a consequence of 

ha,bhb,c + h,chc,a + hc,aha,b = ha,bhb,chc,a{{ya " ^/c) + (Z/b - Z/a) + (^/c " Z/b)) = 0. 

Let us prove the last equality. Since /^^ belongs to the center of /C„,, by the first equality 
in (I3.14p . we have 

Ja+ljaja+l JaJa+lJa + Ja,a+2\Ja Ja+l) 

= fa+l{fafa+l — fa+lfa,a+2) + { — fafa+1 + fa,a+2fa)fa 
= Ja+l[ja,a+2ja) + [~Ja+lJa,a+2)ja = 0. 

It follows that 

ja+ljaja+l ~ jaja+lja + J a,a+2\J^a+l,a+2 ~ ^a,a+l) = Ja,a+2[Qa+l,a+2 ~ Qa,a+l)- 

Since Qa,b is in Z{An), we have 

fa,a+2{Qa+l,a+2 ~ Qa,a+l) = ha^a+2{Qa+l,a+2 ~ Qa,a+l) + '^aha,a+2{Qa+l,a+2 ~ Qa,a+l)'^a+2, 

as desired. 

Thus we have constructed a superalgebra homomorphism RC„ — ^ /CiS^. For each 
w G ©ri, we choose a reduced expression Sj^ ■ ■ ■ Sj^ of w, and set ci^ = ctj^ ■ ■ ■ ai^. Then, by 
the commutation relations, it is easy to see that RC„ is generated by 

{i/"cV^e(z/) ; a G Z^q, t] G (Z/2Z)", w G ©„, z/ G J"} 

(see Corollary 13.91 below for the notation) as a k-module. It is straightforward to verify 
that its image is linearly independent in /C5„. Hence RC„ — > /C5„ is injective. D 

Theorem 13.81 immediately implies the following corollary. 
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Corollary 3.9. For each w G ©„, we choose a reduced expression Sj^ ■ ■ ■ Sj^ of w, and set 
(Tw = o-ji ■ ■ ■ (Ti^ . Then 

{|/"cV.»e(z/) ; a G Z^q, r/ G (Z/2Z)", w G ©„, z/ G J"} 

is a basis ofRCn- Here, y^ = yl^ ■ ■ ■ yn" for a = (ai, . . . , a„) G Z>o and c'^ = c^ ■ ■ ■ c^" /or 
r;=(r/i,---,r/n)e(Z/2Z)". 

3.5. Weak Morita superequivalence between RC„ and R„. Let J, c: J ^ J, J'^, 
pr: J ^ I and Q = {Qij)ij^j be as in the preceding subsection. 

Set /odd := pr( J'^) and /even := -^ \ -^odd- Then #pr~^(2) = 1 or 2 according as i G /odd or 
i G /even- Choose .P d J such that the projection pr induces a bijection J^ ^ I and let 
rp : / — )> J^ be its inverse. 

Definition 3.10. We define RC.|^ = e^RCne\ where e^ = Xli/gjt" ^i^)- 

Since Ca^ ■ ■ ■ Ca^,e{u)ca^, ■ ■ ■ Cai = e(cai ■ ■ ■ Ca^i^), we have RC„e^RC„ = RC^. Hence Re- 
mark [2110] dH]) implies that RC„ and RCj^ are Morita superequivalent. 

It is easy to see that RC|^ is generated by the even generators {|/pe^}i<p<„, {o"ae''"}i<a<„, 
{e(z/)}^gjtn and the odd generators {e^Cpe'''}i<p<„. For simplicity, we will write yp for ype\ 
aa for aae\ {e(z/)}i,g/n for {e(i^)}j,gjtn, and Cp for CpC^ . Then the defining relations for 
these generators are give as follows: 

(i) e(/i)e(i^) = 5f,^e{fi) for all /i, z/ G /", 1 = Y^^ei^ e(i^), 

(ii) ypyg = ygyp, CpCg = -CgCp for all 1 < j) < g < n, 

(iii) ype{u) = e{i')yp and Cpe(z/) = e(z/)Cp for any z/ G /", 

(iv) Cpe(z/) = if z/p G /even, and Cpe(z/) = e(z/) if Vp G /odd, 

(v) Cpi/g = {-ly^-^ygCp, 

(vi) 0-ae(z/) = e(SaZ/)(Ta,aaCp = C^,(p)Cra, 

(vii) aaype{v) = ypaae{v) if p 7^ a, a + 1, 
(viii) 

e(z/) if Pa = Z^a+l e ^ven, 

{(^aya+1 - ya(^a)e{iy) =<((!- CaC„+i)e(z/) if Z/^ = Z/^+i G /odd, 

if Z^a 7^ «^a+l- 



IX 



e(z/) if Z/a = Ua+1 G /even, 

(ya+lCTa - (Taya)e{iy) = <((! + CaCa+i)e(z/) if Z/^ = Z/^+i G /odd, 

if Z/a 7^ Z^a+1- 

(x) C^ae(i^) = Qua,ua+i{ya,ya+l)e{u), 
(xi) (TaCTfe = CTbO-a if |a - 6| > 1, 
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Qva,Va+i\ya+2i ya+l) — Qva,Ua+i\yai Ha+l) 
ya+2 — Va 

Qya,Va+l\ya+2iya+l) ~ Qua,Va+Ayaiya+l) 



if Va = l^a+2 e le 



_ ya+2 -ya 

^UaMa+i\ya+2jya+l) UJua,Ua+i\yaiya+l) -r J 

— CaCa+2 ; H ^a — ^a+2 ^ J odd; 

ya+2 + ya 
otherwise. 

Corollary 13.91 implies that the set 

.3 ^gx {y''c'^e{u)a^ \ a G Z^^, rj e (Z/2Z)", 1/ e /^ w G ©„ 

^ ' ^ such that rjp = as soon as Vp G /even} 

is a basis of RC|j. 

Definition 3.11. For z,j G /, reca// t/iat i^^j = k{w,z)/{zw - {-l)P^''(i)p'^^(^)wz). We 
define s^ij to he the suhalgehra of s^ij generated by w^^^^"^^"^^ and 2;1+p^''0). Similarly, we 
define ^ij to he the commutative polynomial ring k[u, v\ and denote by =^j j its subalgebra 
generated by u^+p'^'^^*) and v^^^^^^^'> . 

Then ^^ is commutative, and e^jj- and =e^.j are isomorphic by the correspondence 

C3_]^7') ^l+Par(J) _ /•_-|^\par(i)y^l+par(i) ^,l+par(i) _ / -|^\par(j)^l+parO-)^ 

Let Q = {Qi,j{u,v))ij^j be as in (13.51) . For i,j G /, we denote by Qij the element of 

i2^j C s^ij corresponding to Qrp(j),rpO) ^ '^rp(j),rp(j)- Then we can easily see that Q := 
{Qi,j)i.jei satisfies the condition (13. ip . and hence it defines the quiver Hecke superalgebra 
Rn = RniQ) (seeEU). 

Remark 3.12. A different choice of J^ would yield a different matrix Q' which is within 
the re-scaling of Q given in Remark l3.2[ Hence the quiver Hecke superalgebra R„((5) does 
not depend on the choice of J^ up to isomorphism. 

For each /3 = Xlie/ "^i"i ^ Q+ '■= J2iei ^>o«i with ht(/3) := J^a^i "^i = '^^ "^^ define 
(3.18) Rp = epRnep, RC^ = e-^(/3)RC„,e-^(/3) and RC)^ = e^RCJ^e^, 

where 

I^ ={(«i,...,«n) G/'^;Ea=i"ia = /3}, e/3 =E^g//3e(z/), 

</^ = {(ji,---,Jn) e J";E;;^iaprO„) =/3}, e^ =E^gj^e(i^). 
It is easy to see that e^ is a central even idempotent and R^ = R^- 

ht{(S)=n 

Theorem 3.13. For each (i = ^i^i^iiUi G Q+, we have a \i.- superalgebra isomorphism 

R;3®g:,^^rcJ, 
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where i = X] jg/ "^* ■ -^'^ particular, if k contains \/—T, then R/3 and RC/3 are weakly 
Morita superequivalent. 

For the notion of weak Morita superequivalence, see § 12.41 
Proof. To prove our theorem, we use the following strategy. 

(a) We first construct the elements {xp}i<p<.„, {Ta}i<a<n, {^{i^)}ueii^ i^i R-CJj which satisfy 
the defining relations for R^. 

(b) We then construct the elements {Cj}i<j<^ in RC^ satisfying the relations CiCj + 
CjCi = 25ij (1 <i,j< i) for the Clifford superalgebra. 

(c) We show that the Cj's supercommute with the a:pe(z/)'s and the o"ae(z/)'s. 

(d) Finally, we prove that the resulting superalgebra homomorphism R^ (g) (te ^^ RCl is 



a 



an isomorphism. 
Let us choose 'jij G k^ {i,j G /) such that 



(i) 7ij- = 1 if i G /even Or j G /even, 

(3.19) (ii) Ji,jjj,i = -1/2 if ij G /odd and i 7^ j, 

(iii) 7i,i = 1/2 if i G /odd- 

It is obvious that such (tjj)^ -^j exists. We define 

.. _ fcpVpeiiy) ifz/pG/odd, 

l^ype(l^) if Up G /even, 

rae(z/) = 7..,..+i(Ca-c.+i)P^'-(^'")P^^('^"+^V,e(z/). 
Then we can easily check the commutation relations 

XaXbe{u) = (-l)P"'^('^")P"''('^'')x6Xae(z/) for a^b, 

TaXpciu) = (-l)P^^('^^)P^'^(''")P^''('^«+i)xpr«e(i^) ioTp^a,a + 1, 

{TaXa+l - Xara)e{iy) = {Xa+lTa - TaXa)e{iy) = 5^„,^„+ie(z/) 

if Ua G I even OT Ua+l ^ -feven- 

Here, we have used fl3.19|[il) . If z/q G /odd and i^a+i G /odd, then we also have the relations 
Indeed, using fl3.19|[ii|) . we have 

{TaXa+l + XaTa)e{v) = 7i.,,i.,+i ((c^ - Ca+l)craCa+iya+l + CaVaiCa - Ca+l)cra)e{u) 
= l^a,<^a+l{^ + CaCa+l){aaya+l - yaCra)e{u) 



and 



[Xa+lTa + TaXa)e[u) = Jua,Ua+i{^a+iya+l[Ca - Ca+ljCTa + [Ca - Ca+l)(raCaya>e{u) 
= l<^a,i^a+ii^ - CaCa+l)(2/a+lC^a " f^a2/a)e(l^) 
= lua,Ua+Aa,Ua+i{'^ " CaC„+i)(l + CaCa+l)e{u) 
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as expected. 

Let us show the relation 

(3-20) T^e{u) = Q^^^^^^^{xa,Xa+i)e{u). 

Note that 

(3.21) l/fce(i^) = -xle{u) if Uk G /odd, 
imphes 

Qua,ua+i{ya,ya+l)eiu) = Qua,Ua+iiXa,Xa+l)e{u). 

Hence fl3.2Up is obvious unless Ua, I'a+i ^ /odd- If ^a, ^a+i £ /odd, by fl3.19|[ill) . we have 

Ta^^i^) = -lya,ua+ilua+i,ya{^a ' Ca+l)V^e(z/) = Q Ua^Va+AVa, Va+lYiv) ■ 

Let us show the commutation relation (Iviip in Definition 13. 1[ We first note that 

(3.22) {ta - Cb)Cce(z/) = -c,^,(c)(Ca - tb)e{v) lia^h and z/„, v^ e /odd, 

(3.23) {Ca - Cbfe{u) = (par(i/a) + par(z/b))e(i/) lia^h, 

where Sah is the transposition of a and h. 

Set 

A := {Ta+lTara+l " raTa+lTa)e{v) . 

Then we have 

Ta+liaia+l^yy) — lva,Va+l\'^a+l '^a+2) Oa+1 

-y fc _Li - C ^„par(i.a+i)parK+2) p('J^^ 

lua+i,Va+2\^a+l ^a+2) ^a+lt-\i^) 

(Ca - c,+i)P^'-(^''+^)P^'-('^"+^V,+ia,a,+ie(i.), 
and 

r r _Lir pfz/l = -/ fc - c _^, ^pai-K+i)parK+2)^ 

I a I a+l I at-yi^ ) — /z^a+i,i^a+2 l^a ^a+lj ^^a 

7..,..+.(Ca - c.+i)P^^(-)P^'-('^"+^)cr,e(z/) 

~ 7i^a,!^a + l7l^a,!^a + 27l^a + l,I^a + 2 

/'r _ r Npar(i/a+i)par(j^a+2)/'^ _ ^ Npar(j^a)par(i/a+2) 

(c,+i - c,+2)P^'^^''")P'^''('^'"+^^or,a,+ia,e(i/). 



We can check easily 



Sa+l ~ Ca+2)*^(Ca — Ca+2)*''(Ca " Ca+l)*^^('^a'^a+l'^ai^) 



Sa ~ '^a+lj^i'^a ~ ^0+2)''° (Ca+1 ~" ^a+2y^^{SaSa+lSa^) 
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in the case Sq = S1S2 = and the case Sq — 1 = Si — S2 = 0. Indeed, by (13.221) . we have 

(Ca+l - Ca+2)'(Ca " Ca+2)(Ca " Ca+l)^e(l^) 
(3.24) = (Ca+1 - Ca+2)'(-Ca+2 + Ca+l)'(Ca " Ca+2)e{iy) 

= (1 + par{ua+i)y{Ca - Ca+2)e{l^)- 
Hence we have 

(r _ r Npar(!^a)par(i/a4.i)/ _ \par(va)par(i/a+2) 

^,^a+l ^a+2J V^'f* ^a+2J 

(Ca - Ca+l)P'^'-("'"+^)P^'-("'"+^)(^a+l^a^a+l " a,a,+iaje(l/), 

which vanishes when i^^ 7^ i^a+2- 

Assume i/^ = Ua+2 = i and i^a+i = j. Then 

A = l^,^li,,l,A^a+l-ta+2^'^'^'''''^'\ta-Ca+2Y'''^'^ 

If 2 G /even, wc have 

= e[u) 

ya+2 - ya 

Xa+2 ~ Xa 

If i E /odd, then 



e{u). 



A = ^{-^r'^'\Ca+l-Ca+2r'^'\Ca-Ca+2){Ca-Ca+ir'^'^ 

By mM, we have (c.+i - Ca+2r^''^'Kca - c,+2)(ca - Ca+iT'^'^ = 2P-(^)(ca - Ca+2). Hence 

(_l)ParO) . /Q,.„,i.„+i(ya+2,Z/a+l) -Qi.,,i.,+i(Z/a,Z/a+l) 

A = [Ca - Ca+2) 

2 V ya+2 - ya 

^l/a,Ua+l[ya+2iya+l) '^!/a,Va+l IZ/a, 2/a+lJ \ / \ 
- CaCa+2 ] e(l/) 

ya+2 + ya ' 

= ^ ((Ca - Ca+2){ya+2 + ^a) - (Ca " Ca+2)CaCa+2(2/a+2 " 2/a)) 

'^iya,i'a+i\ya+2iya+l) ~ '^Ua,iya+i\yaiya+l) , \ 

2 ^^ ^(^)- 

?/a+2 ?/a 

Since 

(Ca - Ca+2) (ya+2 + Z/a) - (Ca - Ca+2) Ca Ca+2 (?/a+2 " ?/a) 
= 2(Caya - Ca+2Z/a+2) = 2(Xa - Xa+2), 

we finally obtain 

A = (-l)P-0)(a;a - Xa+2) ^'^°''^°+^^''°^''''°^'^ ~ ^';°-'-"+^(^°'^"+^) e(z/). 

■^a+2 "T -^a 

The other commutation relations are obvious. 
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(b) For V G J'^, we define 1 < Pi(z^) < ■ ■ ■ < p^(z^) < n as a unique sequence of integers 
sucli tliat {a\\<a<n and Va G /odd} = {Vk{v) ; 1 < A; < ^}. Set C^ = Xli.e/'' •^Pfc('^)^('^)- 
It is easy to see tliat CyXJj + CjCy, = 26kj and Cfce(z/) = e(i^)Cfc. 

(c) Let us sliow CkXae^u) = {—l)^^^^'^''^Xae{i')Ck. Since it is obvious if Ua G /even, we assume 
that Ua G /odd- By the definition, we have CkXaC^i') = Cpj_(^y)Caya&{y)- If Pfc(i^) 7^ «, then 
Cp^(u) anticommutes with c^ and commutes with yaeif). If pfc(^) = a, then Cpj.(,^) commutes 
with Ca and anticommutes with yae{v). Hence in both cases, ^p^{v) anticommutes with 

Xae{v) = CaVaeiiy). 

Let us show 
(3.25) CkTAu) = (-l)P-'^(^'')P-'-(^»+iV,e(i/)Cfc. 

It is obvious if Ua G /even or Ua+i G /even- Assumc that Ua, I'a+i G /odd- Then we have 

Since Pk{sai^) = Pk{t^), by fl3.22p . we have 

which implies fl3.25p . 

Now assume that one of z/q or Ua+i belongs to /odd and the other belongs to /even- In 
this case Pk{sav) = SaiPki'^)) holds, and hence we have 

CkTae{u) = Cp^{sau)craeiiy) = Cs,(pfcM)crae(i/) = aaCp^(^)e{u) = aae{v)Ck. 
Thus we have constructed a superalgebra homomorphism R„ (g) £^ — )■ RCj^. 

(d) It is obvious that R„ ® Ci is generated by 

{xV^e(z/) ®C'^;ae Z^q, w e &n, ly e r, t] E {Z/2ZY} 

as a k-module. Its image by the homomorphism R„ (8> C^ -^■ RC|^ forms a basis of RC|^ as 
a k-module by fl3.16p . Hence R„ ® C^ — )■ RCj^ is bijective. D 



Remark 3.14. We have constructed / and Q = (^Qij{w,z)Y . starting from J and 
{Qij{u,v)). . Conversely, we can construct J and [Qij{u,v)). starting from / and 
Q = {Qi,jiw, z))^ . Assume that / = /even U /odd and Q = [Qij{w, 2;)) . are given so 
that (13. ip is satisfied. Then set J = (/even x {0, 1}) U (/odd x {0}). Let pr: J — > / be the 
canonical map, and let c be the involution given by c(z, e) = {i,l — e) for i G /even and 
c(i,0) = (i, 0) for i G /odd- For i,j G /, let s^ij C ^j and ^jj C J^ij be the algebras as 
in Definition 13. m and let £^ ,,■ ~ ^ij be the isomorphism given in fl3.17p . Let Q^ • G ^jj- 
be the element corresponding to Qij G ^ij- Define 

Q{i,eUi',e'){u,v) = <5i,i'((-l)^^, (-l)^'^O for (Z,£), (z', s') G J. 

Then {Qj,j')j,j'ej satisfies the condition (13. 5p . 

Combining Theorem 13.131 with Remark 13.141 and Corollary 13. 9[ we immediately obtain 
the following corollary. 
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Corollary 3.15. Let I = /even U /odd and let Q = (^Qij{w, z)). j be a family of skew 
polynomials satisfying the conditions fl3.ip . Let R„((5) be the associated quiver Hecke k- 
superalgebra. For each w G ©„, we choose a reduced expression Sj^ ■ ■ ■ Sj^ of w and write 

Tw = n^- ■ ■ Tie ■ Then 

{x''r^e(i/) ; a e Z>o, w ^<&n,v ^ /"} 
«s a 6as2s o/R„((5). 



3.6. Quiver Hecke superalgebra associated with generalized Cartan matrices. 

Let / be a finite index set with a decomposition / = I^aa U -^even and let A = {aij)ij^j be 
a symmetrizable generalized Cartan matrix indexed by /. We assume that 



(3.26) aij G 2Z if z G /, 



odd- 



For i,j G /, let Si^ be the set of (r, s) where r and s are integers satisfying the following 
conditions: 

(i) < r < —aij, < s < — aj,4, 

^ ■ '^ "^ (iii) r G 2Z if z G /odd, 
(iv) s G2Zif j G/odd. 

Let {tj j.^ ,,}j-^j^ (r,s)£Si ■ be a family of indeterminates such that tjj;r,s = tj^i-s,r and tij.^ai ,o 
is invertible, and let kyi be the algebra Z[l/2][{tjj.j. ,,}][{ (ti,j,-a, ,o)~^}]- We take Q = 
{Qi,j)i,jei, where 

Q,,{w, z)= Yl kr,r,sw'-z' G kA{w, z)/{zw - i-ir'^^^P^'^^'^wz) 

{r,s)€Sij 

for i j^ j and Qij = ior i = j. We write R„ = R„(A) = Rn{Q) for the associated quiver 
Hecke k^-super algebra. 

Let J = I X {0} U /even X {1} and Q = (QijOijej associated with / and Q as in 
Remark 13.141 Then we can define the quiver Hecke-Clifford k^-superalgebra RC„ = 
RCn{A) ■= RCniQ). Note that R„ and RC„ are (Z x (Z/2Z))-graded via the following 
assignment. 

dege(i/) = (0;0), degXpe{u) = {{a^^,a^^);pai{ua)), 
degTae{u) = (-(a^^,a^^^J;par(i/„)par(i/„+i)), 

and 

deg|/pe(i/) = ((a^p,a^J;0), degCpe{u) = (0; 1), 
degaaciu) = (-(a^^, a^^^J; 0). 

If kyi — )■ k is a ring homomorphism, we can consider the superalgebra k ®kA Rn, which 
will be called the quiver Hecke superalgebra associated with a generalized Cartan matrix 
A. 
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3.7. Cyclotomic quiver Hecke superalgebras. Let (5^:=©j(=/Z/ij be the coroot lattice 
with the bilinear form Q^ x Q — > Z by (/i^, Uj) = aij. Let P := Hom(Q'^, Z) be the weight 
lattice, and (Aj),.^ the dual basis of {hi) . Set 

P+ := {A e P ; \{hi) > for any i G /} . 
For A G P+, set xf = ^^g^„ x^l^^^'^i^v) G R„. We define 

R^ = R„/R„4R„ = R„/( E xf ''^^^e(i.)R„), 

P^ = R;3/R^4R;3 for /3Gg+, 

and call them the cyclotomic quiver Hecke superalgebras. Similarly, we can define the 
cyclotomic quiver Hecke- Clifford superalgebras RC„ and RC^. By Theorem 13.131 the su- 
peralgebras R"^ and RCo are weakly Morita superequivalent. Note that RC„ and R^ are 
finitely generated k-modules. 

3.8. Completion of RC„. For the data J, c, (Qij) ■ -^j as in § 13. 3[ let RC„ be the 
associated quiver Hecke-Clifford superalgebra. Let a be the ideal of k[|/i, ...,?/„] generated 
by yi, . . . , ?/„. Then we have 

for any s G RC„, there exists m such that sa^^^ C o'^RCn. 

Indeed, it is enough to verify this for the generators, and it is obvious for yp and Cp. The 
case for s = aa follows from Lemma 13.61 

Hence we can easily see that the superalgebra structure of RC„ induces a superalgebra 
structure on limRC^/g^RC^. 

k 

Definition 3.16. We define the completion KCn o/RC„ to be 

RC„ = l^RC„/a''RC„ ~ k[[yi, ..., y„]] ®k[j,i,...,j/„] RC„. 

k 

Then the formula f l3.7p holds in RC„ for all / G k[[?/i, . . . , y„]]. The algebra RC„ 
contains k[[yi, . . . , y„]]e(z/) as a subalgebra. 



4. Relation to the affine Hecke-Clifford superalgebras 

In the rest of this article, k is an algebraically closed field of characteristic ^ 2. We fix 
a non-zero element g G k^ and set ^ = q — q~^- We assume 

(4.1) (qY ^ 1. 

The purpose of this section is to prove that the afiine Hecke-Clifford superalgebras are 
isomorphic to quiver Hecke-Clifford superalgebras after a completion. 
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4.1. AfRne Hecke- Clifford superalgebra. For a more comprehensive treatment of the 
afiine Hecke- Clifford superalgebra and its cyclotomic quotients, see [BK3j and the refer- 
ences therein. 



Definition 4.1. Let n > be an integer. The affine Hecke- Clifford superalgebra ATiCn of 
degree n is the li- superalgebra generated by the even generators X^^, . . . , X^^, Ti, . . . , T„_i 
and the odd generators Ci, . . . , C„ with the following relations: 
(i) XiXr^ = Xr^Xi = 1, X^Xj = XjXi for all l<i,3 <n, 
(ii) C,Cj + Cjd = {i^ j) and Cf = 1, 

(iii) Tl = iT, + 1, TiTj = T,Ti (|z - j| > 1), T,T,+iT, = T,+iTiTi+,, 
(iv) TiCj = CjTi {j ^i,i + l), Tid = Ci+iTi for all 1 < i < n - 1, 
(v) CiXj = Xjd for all i ^ j and dXf^ = Xf^d, 
(vi) T,X, = X,T, (j ^ 2, 2 + 1), (T, + idCi+i)X,T, = Xi+i. 

It is known that Al-LCn has a PBW-type basis. 

Proposition 4.2. For each w G 6„, let w = Sj^ ■ ■ ■ Sj^ be a reduced expression and set 
Tyj =Ti^- ■ -Ti^ [which is independent of the choice of a reduced expression) . Then AHCn 
is a free left k[X]^ "^, • • • , X^^]-module with a basis 

{CT^eiu) ; r] G (Z/2Z)", w e Gn, u E J"} , 

where C" = Cf ■ ■ ■ Q" /or r/ = (r/i, . . . , r/„) G (Z/2Z)". 

4.2. Intertwiners. We recall the definition of intertwiners of Al-LCn ( |Naz] . jKlej §14.8] 
??): 

(4.2) ^a=Ta + e ^ ^"t; + eCa^+i-^^^ G k(Xi, . . . , X„) ® AHCn- 

They satisfy the relations: 

(4.3) ^aXi = Xs^(i)^a and ^ad = Cs4i)^a- 

Setting 

K{u, v) =u^ - (g^ + q~'^)uv + v"^ + 4(g - g"^)^ 



-^(-'^aj-^a+l) 



(X,-X,+i)2(X,X,+i-l)2 ' 

we have 

(4.4) ^l = F{X,,X,^,). 

X + A^-^ 

Note that by setting Wk = X^ + XZ^ = 2 ^ (A; = 1,2), we have 

q + q~^ 

4 
K{wi, W2) = ^ — -^2x2x2 (^1 ~ g^A2)(Ai - g~2A2)(AiA2 - g^)(AiA2 - g' 
{q + q ) A1A2 

(4.5) 

p.^ y. (A2 - g^A0(A2 - g-^Ai)(A2 - g^Ar^)(A2 - g-^Ar^) 
'^^''"''^^ - (A2-A0^(A2-A-)^ • 

Moreover, the $a's satisfy the braid relations: 

<l>a$c = '5c$a (|a-c|>l), $a$a+i$a = $a+i$„$„+i. 



2X 



QUIVER HECKE SUPERALGEBRAS 29 

4.3. Localization of ATiCn- For a finite- dimensional representation of ATiCn, we con- 
sider the simultaneous eigenspaces of the Xj's. Let us denote by A^ the one-dimensional 
affine space and by T the algebraic torus A^ \ {0}. We denote by T^ the variety T with 
X as a coordinate. It plays a role of the set of eigenvalues of X^.. Let c: Tx — >■ Tx be the 
involution of Tx given by c{X) = X~^ (corresponding to Definition 14.11 (rvj)). 

For an algebraic variety X over k and its k-valued point x, let us denote by ffx,x the 
germ of the structure sheaf ^x at x, by ffx,x its completion, and by Frac(^x,x) its fraction 
field. For p such that 1 < p < n, let us denote by Cp : T" — ?■ T" the involution 

{Xi, . . . , Xn) >-)■ {Xi, . . . , Xp_i, Xp , Xp+i, . . . , Xn), 

and by the same letter Cp the induced isomorphism Frac(^T",g) ^^ Frac(^T",cp(g)) {q G 
T*^). For 1 < p < n, we denote by Sp-. T" — )■ T" the involution 

(Xi, . . . , Xn) H- [Xi, . . . , Xp-i, Xp^i,Xp, Xp+2, . . . , Xn), 

and by the same letter Sp the induced isomorphism Frac^ffjn^^) -^^ Frac(^ir",sp(g))- Simi- 
larly, we denote by Sp : T" — )■ T" the involution 

{Xi, . . . , Xn) H- (Xi, . . . , Xp_i, Xp_,_]^, Xp , Xp+2, ■ ■ ■ , ^n), 
and the induced isomorphism Frac(^T",Q) ^^ Frac(^T" sp(g))- Clearly, we have Sp = 

CpCp_|_xSp. 

Let us denote by T-LCn the k-superalgebra generated hj Cp {1 < p < n) , Ta {I < a < n) 
with (!iil)-( livl) in Definition 14.11 as the defining relations. The superalgebra TiCn is called 
the Hecke- Clifford superalgebra and can be regarded as a subsuperalgebra of ATiCn- 

Definition 4.3. Let J be a finite subset ofTx invariant under c, and let X: J — > Tx be 

the inclusion map. We define the commutative k-algebras 

^n = ^T",xHe(i^), ^ = Frac(^T",xH)e(i^), 

where X(z/) = {X (ui) , . . . , X (un)) G T" for v = (i/i, . . . , z/„). We define the algebra 
structure on 

rCrLCn = '^n ®k riCn 
by 

Cpe{u)f = e{cpiy)cp{f)Cp {1 < p < n), 

for u e J"", 1 <a <n, f e Frac((^T",vH)- 

VFe define OHCn to be the subsuperalgebra ffn^'HCn of JCHCn- 
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Let US denote by oj the ideal of k[Xj'^^, . . . , X^^] consisting of functions which vanish 
on {Xlu) ; u G J"}. Then we have 



l^k[X 



±1 



x^V^ 



k 
J' 



onCn 



k 



Thus there exists a k-superalgebra homomorphisni ATiCn — )■ OHCn, which is injective if 
J is not empty. 

Let ATiCn-mod be the category of ^"HCn-modules finite-dimensional over k. Let C( J) 
be the full subcategory of ^'HC„-mod consisting of M G A'HCn-rr\od whose X^-eigenvalues 
lie in {X{i) ; z G J} for all 1 < /c < n. For such an M and u G J", let e(z/) be the 
projection operator of M onto the simultaneous generalized eigenspace of [Xkj^^j^^^ with 

(X(i/fc)) as eigenvalues. Then M has a natural structure of O'HC^-module. Thus 

C(J) is equivalent to the category (9'HC„-mod of C'HC„-modules finite-dimensional over 
k. We have 

(4.7) $ae(z/) = e{sai^)^a for any 1 < a < n. 

Indeed, this formula must hold since $a is an intertwiner, and the definition (14. 6 p is 
equivalent to $ae(i^)/ = e{saiy)sa{f)^a for / G Frac(^T",xH)- 



4.4. Dynkin diagram. Let us denote by A^ the one- dimensional affine space A^ with 

the coordinate w. Let pr: Tx — ?■ A^ be the map pr(X) = X + X~^. Hence the fiber of pr 

is of the form {j, c{j)} for some j G Tx- Let Ta be the variety T with the coordinate A. 

A + A~^ 
Let (?: Ta — 7- A^ be the map g{X) = 2 — ■ — — -. Thus these three varieties are related by 



q + q- 



T; 



pr 



Ta. 



We will regard A^ as the set of vertices of a Dynkin diagram. We consider a Q- vector 
space with {a^},i,gAj„ as a basis, and define an inner product on it as follows: 

1 if #pr-i(M;) = 1, 
[a^,a^) = ■{4: if #5(-i(w) = 1, 

2 otherwise, 



(4. 



if wi 7^ W2 and K{wi, W2) = 0, then 






if Wi 7^ W2 and K{wi, W2) 7^ 0, then 
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Note that by (14. 5p . K{wi,W2) = if and only if A i = g^^A2 or Ai = q'^^A^^ when writing 

A . + A^-^ 
Wk = fi'(Ajt) = 2 -^- [k = 1,2). The generahzed Cartan matrix («!«,«,') ^ ^,^i is given 

by a^^uj' = 2{a^,,a^')/{a^,,a^,). 

Set (Ai,)odd = {pr(±l)} = {g{±q)} and (A^)cvcn = A^ \ A^^j. Then A^ decomposes 
into the even part and the odd part. 

The connected components of the Dynkin diagram A^ are classified as follows. (The 
odd vertices are marked by x.) 

(i) when g^ is not a root of unity, there are three types of connected components. 

(a) {g{(q'^'') -jkeZ] for some ( ^ ±g^, where ±g^ = [±q'' ; k G Z}. The Dynkin 
diagram is of type A^o- 

Cq~' C Cq' 

— o — o — o — 

(b) {g{eq'^''~^^) ; k G Z>o} {e = ±1). The Dynkin diagram is of type B^o- 

±q ±q^ ±q^ 
<S=^^^ O — 

(c) {g{eq'^'') ; k E Z>o} (e = ±1). The Dynkin diagram is of type Coo- 

±1 ±g2 ±g4 

0=^^=0 O — 

(ii) When g^ is a primitive i-th root of unity, there are three types of connected compo- 
nents. 

{^) {giCq'^'^) j k G Z/£Z} for some C ^ ±g^. The Dynkin diagram is of type A^. 

C Cq^ Cq' Cq^^'-'^ 

o — o — — 



(b) {g{±q), . . . ,5f(±g^''+^)} when i is odd (£ = 2s + 1 with s > 1). In this case 
q2s+i _ _j_-|^^ r|nj_^g Dynkin diagram is of type ^42,,. 

±q ±q^ 
^mD {{qr = 1) 

±q ±q^ ±g2«^i ±g2«+i 

^=^^=o — 0=^<3 (s > 1) 

(c) {g (±1) , g {±q'^) , . . . , (^(ig^*^)} when i is even (i = 2s with s > 2). In this case 
g^* = — 1 . The Dynkin diagram is of type Cs ■ 

±1 ±g2 ±g2(«-i) ±g2^ = ^1 

o^^=o — — o^^=o 
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(d) {g{±q),g{±q^), . . . , g{±q'^''~^) , g{±q'^''~^)} where i is even [i = 2s with s > 2). 
In this case, q"^^ = —1. The Dynkin diagram is of type Dg ■ 

±q ±g3 = (^g)-i 

®^^^«8) (s = 2, (g2)2 = _i) 

±q ±q^ ±g2«-3 ±q'^'-^ = (Tq)'^ 
(gt3^=0 O^^^ (s > 2) 

Observe that any vertex of A^ has one or two edges, and {g{q),g{—q),g{l),g(—l)} is 
the set of points with one edge. Note that the odd vertices have the minimal length. 

Let J be a finite subset of Tx invariant under c, and let X : J — )■ Tx be the inclusion 
map. Let / be the image of the composition J — y Tx — > A^, and we also denote by 
pr: J ^ I the surjection. Set J'^ := {j E J ; c{j) = j} and /odd = pr(J'^) = / fl {g{±q)}, 

-'even -' \ -'odd- 

We choose a function h: I ^ Tx such that 

(4.9) f-^(MO)=^, 

] • if {ai,ai') < 0, then h{i) = q^'^h{i') for any i,i' G /, 

Such a function h exists. Indeed, it is enough to show it for a connected component of 
A^. Since any vertices has at most two edges, the assertion is obvious when the connected 
component has no loop, and the remaining case fliiaP can be checked directly. 



We define the map A: J — )■ T^ by A(j) = /i(pr(j)). Hence we have X{j) + X{j) ^ = 

2 . Since h: / — )■ T^ is injective, we have 

q + q ^ 

(4.10) for j,j' G J, we have A(j) = A(j') if and only if j = j' or j = c{j'). 

We choose a function e: J — )■ {0, 1} such that e~^{0) — )■ / is bijective. Hence we have 

e{cj) = 1 - e{j) for j e J\ J"", and e{j) = for j G J"". 

For i,j G J, we write {i,j) for (apr(j), ttpr(j)) and ajj := 2{i,j)/{i,i). For i,j G J such 
that i y^ j and e{i) = e{j) = 0, we choose 

(4-11) Qij[u,v)= \ -(f^n 

[1 if(«>j) = o, 

where we choose ± such that Qij{u,v) = Qj^iiy.u). 

We can extend uniquely the definition of Qij for all z, j G J such that the conditions 
in 03. 5|) hold; namely, 

(4.12) Q^,{U,V) = Qe^W(.),,.(.)0-)((-l)^«U, {-If^M- 

Then we can associate to the data {QijjjjeJ the quiver Hecke- Clifford superalgebra 
RC,i and its completion RC„. 

The following theorem is a main result of this section. 
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Theorem 4.4. We have RC„ ^ OKCn. 

The rest of this subsection is devoted to the proof of this theorem. 
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4.5. Proof of Theorem 14.41 

4.5.1. Strategy of the proof. We will construct the elements y^ G (^„ C Ol-LCn {k = 
1, . . . , n) and Sq G ICHCn (a = 1, . . . , n — 1) such that 

(i) ype{u) e i^Tn^xiu)V {Xp - X{up))e{iy), 

ii) CaVpeiu) = {-lY-'Pype{cau)Ca, 

, ii) 5^= Ra,a+i (see ([31])), 

(4.13) ^ (iv) {sa}i<a<n Satisfies the braid relations (see fl3.4p ). 

(v) SaCk = Cs^[k)Sa, Sayk = ysa{k)S a, 

vi) setting cTq := Sa + fa,a+i (see fl3.12p ). the element aae{u) belongs 
to T,e(z/)(^T",xH)^ + ^n(Ci, ■ ■ ■ , C„). 

Setting Cfc = C^, the elements i/p , Cp (p = 1, . . . , n), (Xa (a = 1, . . . , n— 1) satisfy the defining 
relations of RC„ by Theorem 13. 8[ Hence we obtain a homomorphism F : RC„ — )■ OTiCn- 
By Corollary 13.91 {c'^a^}^ g (z/2Z)", w e 6„ is a basis of RC„ as a left ^^-module. On the 
other hand, it is easy to see that its image by F forms a basis of Ol-LCn as a left (^„-module 
by Proposition 14. 2[ Hence we conclude that F : RC„ — t- Ol-LCn is an isomorphism. 

Now we will construct y^ G ^„ (A; = 1, . . . , n) and Sq G KHCn (a = 1, . . . , n — 1) which 
satisfy the condition fl4.13p . 

4.5.2. Definition of ype{v). 

We will construct yp e(z/) such that 

ype{v) G (^t-.xh)'' (Xp - X{iJp))e{v), 
Caype{v) = {-lY'"^ype{caiy)Ca. 
Let C be the subscheme of Tx x T^ defined by the equation 

q + q ^ 
Then C is a smooth curve and we have a Cartesian product 

C -Ta 

9 
pr 

Tx -A^. 

Then for every z G J, it induces the injective homomorphisms 

Let us set ^j := ^Tx,x(j) = k[[X — X(z)]] and ^j := i^c^ (x(i),A{i))5 and we regard ^^ as 
a subalgebra of i^j. The algebra i^j is a discrete valuation ring with the maximal ideal 
nXj := ffi{X — X{i)). The indeterminates X and A are considered as elements of ffi and 
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A + A"^ 

they satisfy X + X~^ = 2 -. Let Ci: ffi -^ Gdi) be the homomorphism induced 

q + q~^ 

by the map X i— ;■ X~^ . For 1 < a < n, let us denote by qa^y-. Gy^ — )■ Gf^ ^x{y)(^{y) the 
homomorphism induced by the a-th projection (Xi, . . . , X„) i— ;■ X^- 

Recall that e: J — )■ {0, 1} is a map such that e~^(0) — ?■ / is bijective. For all z G J with 
e(i) = 0, we will construct yi G ffi such that 

I (ii) if c{i) = z, then Ci{yi) = -yi, 

and define 

(j,) = |?a,^(z/^J if e(i^a) = 0, 

\-Caqa,cau{yciua)) iie{iya) = l. 

Then we have ype{u) E (^t^.xh)'' (Xp - X(z/p))e(i^) and Ca2/pe(i^) = (-l)'^''''ype(caZ/)C„. 

Now, we will construct yi for i E J such that £:(z) = 0. We choose ^(A) G Gj^,i such 
that 

(4 16) ^Pe{^r,^r{X-l), 

^(A"i) = -^(A). 

For example, we can take (A — 1)/(A + 1) or A — A~^ as ^(A). 

• Case \{i) ^±l,±q,±q~\ 

The projections C -^ Tx and C — )■ Ta are etale at {X{i),X{i)), and hence we have 
isomorphisms 

k[[X - X{t)]] = a,^^^, = ^c,ixi^)M^)) ^^ Km^ = k[[A - Xm- 
We define yi G ^j by yi = ^(A(i)~U). 

• Case X{i) = ±g, ±g~^. 

In this case, we have X{i) = ±1 and 

k[[X - X(Z)]] = ^, = ^T,X« ^^ ^. = ^C,(X«,AW) -- ^T„A« = k[[A - X{i)]]. 

Then ^T„A(i) is identified with {/(X) G ^i ; c(/) = /}. (Recall that c(/)(X) = f{X-^).) 
Since (^jV'(A(2)^^A) = m^, there exists yi G ^j such that yf = ip{X{i)~^X). Then yi 
generates the maximal ideal nXj. Since c(?/j)^ = yf and c(|/j) cannot be equal to yi, we 
obtain c{yi) = -yi. 

• Case A(z) = ±1. 

In this case, we have 

Then ^i is identified with |/(A) G ^t,,±i ; /(A'^) = /(A)}. Hence ij{X{i)-^Xf belongs 
to ^j. We define yi G ^j by yt = 4j{X{i)~^Xy. Then we have m, = ^iyi. 
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4.5.3. Definition of^a^i.^)- We will define ^a^i.^) for 1 < a < ra and u G J". 

In the preceding subsection, we have constructed yi G ^^ such that yae{i') = (la,u{yu 
for any v E J"'. For i, j G J, let us denote 



«j 



^T2,{x{j),x(j)) and ^jj 



''CxC, {(X(^),A{^)),(X(j),A(j)))• 



We regard ^j^j as a subalgebra of 



«j- 



Let rl- : 



-)■ 



?'ij and rl- : 



-)■ 



ij be the 



algebra homomorphisms induced by the first and second projections from C x C to C, 
respectively. We write yi for rlj{yi) G i^ij and y2 for rfj{yj) G i^jj-. Similarly, we define 

Ai G ^ij and A2 G ^ij as rj^j(A) and rj^j(A). Note that Xi,X2 £ ^i,j may be regarded as 
rj/X) and rf/X). 



Let ci : ^jj- — )■ ^c(i),j and C2 : ^jj — )■ ^i,c(j) be the isomorphisms induced by (Xi, X2) (-!■ 
(Xf\X2) and (Xi,X2) t-)- (Xi,X2^^), respectively. We denote by S12: ^ij -)■ ^j,i the 
isomorphism induced by T^ 3 (Xi,X2) ^ (X2,Xi) G T^. 

Let ipa,u'- ^ua,ua+i — ^ ^T",x{i/)e(i^) be the algebra homomorphism induced by the pro- 
jection (Xi, . . . ,X„) I — > {Xa,Xa+i). Let us define Rij G iffij by 



(4.17) i?^ 



Qi,jiyi,y2) 



I,] 



(yi 


-y2 


iyi 


+ Z/2 


(yi 


-^2 



(z/l + 1/2) 



yf + yl 



if j 7^i,c(i), 
if j = i ^ J^ 
if j = c{i) ^ J*" 

if j = i G J^ 



{yl - yl? 

Then we have Ra,a+ie{i^) = i^aA^va^ua+i)- 
Let us recall (see Remark 14. 2p 

$2=F(X„X,+0- 
Lemma 4.5. For i.j E J such that e{i) = e{j) = 0, the following statements hold. 
(i) F{XuX2y^Rij belongs to ^^j^. 



(ii) F{Xi,X2y'R^ 



XiXo 



belongs to ^j^j(Xi — X2). 



^(2/1 - 2/2) 

We will prove this lemma later: (i) by case-by-case verification and (ii) as a consequence 
of (i). Admitting this lemma for a while, we shall construct Sae(i^) and prove the theorem. 

Lemma 4.6. For i,j G J such that e{i) = e{j) = 0, there exists a family of elements 
\j satisfying the following conditions: 

a) Gij ■ si2Gj^i = F{Xi,X2)~ Rij, 



Gij G 



(4.18) 



(b) Gu 



XiXo 



'i,i{^i — ^2] 



^(2/1 - 2/2) 
(c) if c{i) = i, then Ci(G'jj) = Gij, and if c{j) = j, then C2[Gij) 



Proof. Assume first that i ^ j- In order to see ([a]), it is enough to take Gj^i = 1 and Gij = 
F{Xi,X2)~^Rij. Indeed, we have Gj^i ■ suGij = F{Xi,X2)~^Rj,i because F{Xi,X2) is 
invariant under S12 and Si2-Ri 7 = R 



^j,i- 



Ii i = j, then by Lemma |475| there exists a unique Gj^j satisfying G^^ = F{Xi, X2) ^Ri^i 
and the condition (jb]). Since F(Xi,X2)~^-Rj,j is invariant under S12, we derive that 
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{suGi^i)"^ = Gf^. Since Gi^i and Si2Gi^i take the same non-zero value at (X(z),X(j)), 
we have Si2Gj,j = Gj,j. Hence (|a]) is satisfied. 

Let us show (jcj). Assume c{i) = i. Since F{Xi,X2)~^Rij is invariant under ci, we 
have ci(Gjj) = ±Gi,j- Since Gij and ciGjj take the same non-zero value at {X{i),X{j)), 
ciGij = Gij holds. Similarly, we have C2Gij = Gij if c(j) = j. D 



Thus we have proved that there exists (Gjj) . . {i^j 6 J with £:(i) = e{i) = 0) which 
satisfies the conditions fl4.18p . We extend the definition of Gij for all i,j^J by 

^i,j ~ '"1 '-2 '-^c=(»)(i),c=(j)(j)- 

Then (Gij)ij6j satisfies KWf (nj), (HTTg]) (jb]) and 

(4.19) Ci(Gij) = ^^(i)^ and C2(Gij) = Gj^cO) 

as well. 

Now we define Ja ^ JCTiCn by 

(4.20) ?,e(z/) = ^ae{iy)tPaAGu.,u.^,). 

Let us verify the conditions in (14.131) . By Lemma [3^ the Sa's satisfy the braid relations. 
By the construction, we have 

Sa ■ e{v)f = Sa{f)e{sav) " s^ for any / G Frac(i^T",xH)- 
The condition (I4.19p implies that 

Hence we have proved the conditions fliv|) and ^ in (I4.18p . 
The hypothesis (I4.18P (jaj) implies 

'sle{v) = Ra,a+ie{iy). 

Indeed, Sa{^a,sai'{Gua+i,,ya)) = i'aA^i2Gua+i,,ya) and we have 

s^e(i/) = Sae{saiy)-Sae{u) = <l>ae{saiy)i^a,saAGua+i,uJ'^ae{iy)i^aAGua,ua+i) 

= '^le{l^)Sa{i^a,Sau{G^^^,^^j)i!aAGua,Ua+i) 

= K4^)i^a,Sau{si2Gu,+,,u, ■ G^„,^„+i) 

= F{Xa,Xa+l)e{u){F{Xa,Xa+l)~^Ra,a+ie{u)) = Ra,a+ie{u) . 

Using the condition (I4.18p (|b]), let us show the condition (I4.13p f lvl|l : 

CTaCiu) :=?„e(l/) + fa,a+ie{iy) e Tae{u){ffjnx(u)V + ^„,(Ci,--- ,Cn). 
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Setting i = Va and j = Ua+i and writing Gij for 'ipa,u{Gva,ua+i)^ ^^ have 

= (t, + aXaX-^, - I)-' - aa+i^(X-iX-^.\ - l)-i)e(z/)G,, 

Here, the last equahty follows from fl4.19p . Hence it is enough to show that 

(4.21) e(^aX-+\ - 1)-'G,, - iVa - ya+l)-%,j G ^n- 

If i ^ j, then {XaX'^^ - l)"^e(i/) G ^„ and hence Km holds. 
If 2 = j , then 

aXaX-^,-l)-'G,,-iya-ya+l)-' = aXaX-^,-ir' (G,,-(X„X-^_\-l)r'(Z/a-ya+l)-') 

belongs to (^„ by (14.181) (jb]) . Thus we have verified all the conditions in (14.131) , and hence 
RC„ and OTiCn are isomorphic. 

4.5.4. Proof of Lemma \4.5[ Now, we shall prove Lemma [4.51 for i,j & J such that e{i) = 
eU) = 0. 

Let us first derive (ii) admitting (i). Let ?7 be a generic point of the irreducible subscheme 
{Xi = X2} of Spec(^j^j), and let {ffi,i)n be the localization of ^j^j at 77. Then (i) implies 

that S := F{Xi,X2)~^Ri^i — ( -—, — r-j belongs to ^j^j. Hence in order to see (ii), it 



^ ^{yi - Z/2) 
is enough to show that S belongs to (^j^j).;,(Xi — X2). 

We have, modulo (^j,j)^(Xi - X2) 
F{XuX2r\XiX^'-iy^ 

{X2 - x^y 



(Xi + X^y - (g2 + g-2)(Xi + Xr^)(X2 + X^') + {X2 + X^^Y + 4(g - q~^Y 

^ {x,-x^'f 

(2 - g2 _ g-2)(Xi + X^^f + 4(g - q~^Y 

-{q-q-^Y{X,-X^^Y 
Since Rij = — (t/i — 1/2)"^ mod {ffij)n, we obtain 

F(Xi,X2)^ii?,,, = ^y^,'!] ^od (^.,.).(^i - ^2). 
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It only remains to prove (i). Let us show it by case-by-case verification. Let us recall 
that 

(A 22) Fix X )'^ = (A2- Ai)^(A2- A^^)^ 

^' ' ^ '' '^ iX2-q'Xi)iX2-q~'Xi)iX2-q'K')iX2-q-'Xl'y 

Note that (see f l4.9p ) for i,jEJ such that e{i) = e{j) = 0, we have 

(a) A(j) = A(z)~^ implies i = j, 

'^pr(i)) '^pr(j)J 



(b) {apM,apr(j)) < implies A(j) = q^^X{i) 



• Case A(j) ^ X{i),q^^X{€>. 

In this case, F{Xi,X2) G ff^j and Rij = Qij = 1. 

• Case A(j) = q^^X{i) and A(i), A(j) ^ ±1, ±q, ±q-\ 

We may assume that A(j) = q^X{i). In this case, yi = ip{X{i)~^Xi), ^2 = '^(A(j)~^A2), 
and 

R^,J = Qm(z/i,1/2) = ±(1/1 - 1/2) e ^,/(A(0~^Ai - A(jr'A2) = ^./(A2 - g'Ai). 
Therefore, since 

(A2-Ai)2(A2-Ar^)2 



F{Xi,X2) Rij G 



X 



•^ ^'-^ rX^ _ r,-2\,V\„ _ ^2\-lW\^ _ ^-2\-lV 



(A2-g-2Ai)(A2-g2A-^)(A2-g-2Ar 



F(Xi,X2)"^i?ij belongs to 



X 



• Case (A(2), A(j)) = ±(1, q"^") or ±(g^'', 1) for some c = 1, — 1 

We may assume that (A(i), A(j)) = ±(l,g^'^). Thus we have yi = ip{X{i)~^Xi)'^. More- 
over, we have pr(j) = g{i:q) if and only if (g^)^ = 1. 

Let us first assume (q^)^ = 1. In this case, ?/| = ip{X{j)~^X2), and 

R^J = QiAyuy2) = ±{yi-y2) = ±{i^{X{t)^'x^f-^{Xijr'X2f) 

= ±(^(A(z)-Ui) - ^(A(jr'A2)) (^(A«-^Ai) + ^(A(jr'A2)) 

= ±(V;(A«-iAi) - ^(A(jr'A2)) (-^(A«Ar^) + ^(A(jr'(A2))) 

e ^,/(A(jr'A2 - A«-Ui)(A(jr'A2 - A«Ar^) 

= ^,/(A2 - A(j)A(2)-iAi)(A2 - A(OA(j)Ar') 

= ^./(A2-g'%)(A2-g'^Ari). 
Hence we have 

F(X„X2)-^i?., e ^./ (A2-Ai)^(A2-Ar^)^ ^ 
^ ' ' '' '' (A2-g-2cA,)(A2-g-2c^r) '' 

Now assume that (g^)^ 7^ 1. In this case, yi = ?/'(A(z)~^Ai)^, ^2 = V^(A(j)~^A2), 
Ri,j = Q(z/i)Z/2) = yi ~ Vi = '^{X{i)~^Xiy — '?/'(A(j)~^A2)^. Hence, similarly to the case of 
(g^)^ = 1, we have Rij G ^ij^(A2 — g^^Ai)(A2 — q'^'^X'^^) and hence we have 

p{Y Y\-^J^ a /f X (A2 - Ai) (A2 - Aj" ) 
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• Case (A(z), A(j)) = ±{q'^, q^^) or ±(9^"^, g'^) for some c = 1, —1. 

Assume that (A(z), A(j)) = ±(5*^, g'^'^). First note that A(j) = ±1 if and only if (g^)^ = 1, 
and pr(j) = g{^q) if and only if {q^Y = 1- 

The case {q^Y — 1 '^^s already treated. Assume that {q^Y — 1- Then g^ = —1 and hence 
A(i) = Tq'""- In this case, yl = ip{X{{)-^Xi) and y^ = V^(A(j)"^A2), and Rij = ±{yf-y^). 
Hence Rij G ^i,/(A(z)-Ui - A(j)-U2) = ^i,/(A2 - g^^Ai). Therefore, we have 

p{Y Y\~^R a ff X (A2 - Ai)^(A2 - A^; Y 

Assume now (g^)''' 7^ 1 for /c = 3,4. In this case, y^ = il){\{i)~^\\), y^ = ip{\{j)~^X2), 
and Rij = Qij{yi,y2) = MVi - V^) G ^i,j''(A2 - g^'^Ai). Therefore, since 

(A2-Ai)2(A2-Ari)2 



F(Xi,X2)-ii?,,, G ^, 



X 



(A2 - g-2=Ai)(A2 - g2Ari)(A2 - q^^K^] 
F{Xi,X2)"^Rij belongs to 



SX 



• Case i = j and \{i) 7^ ±1, ±g''=-^. 

In this case, yk = ^(A(?)~Ufc) {k = 1,2) and Rij = -{yi - 1/2)"^ e ^ij''(Ai - A2) 
Then by ^^JM 

(A2 -g^Ai)(A2-g ^Ai)(A2-g^Ai )(A2-g ^A^ ) 

• Case i = j and \{i) = ig'^ for some c = 1, —1. 
In this case, yl = ■ip{X{i)~^Xk) {k = 1, 2), and 

i?,,, = -2{yl + yl){yl-yly' 

= -2(^(A«-U2) - ^(A(^)Ar^)) {i^{m~'\i) - ^Pim~'\2)y' 

e ^,/(A2-g'^Ar^)(A2-Ai)-2. 



Hence by fl4.22p . we have 

(A2 - Ar^)^ 



F{X,,X2)-'R,,, G ^,/ 



(A2 - g2Ai)(A2 - g-2Ai)(A2 - g-^-Ar') 



and it belongs to 



f. .X 



• Case i = j and A(i) = ±1. 

In this case, yk = ip{X{i)~^XkY (^ = I72), and 
R^,J = -iyi-y2r' e ^,/(^(A(2)-iA2) - V^(A(^)"^Ai))-'(V;(A(^)-U2) -^(A(OAr^))- 

= ^./(A2-Ai)"'(A2-Ar^)"2. 
Hence 

and it belongs to i^^^ . 
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Thus we have proved Lemma I4.5[ which completes the proof of Theorem 14.41 D 



4.6. The case q^ = —1. Let us briefly explain what happens in the case g^ = —1. In 
this case also, we can prove that Ol-iCn is isomorphic to RC„ by a similar argument. We 
have a factorization K{u,v) = {u + v — A){u + v + A) . Therefore pr : Tx -^ A^ is the same 
but g is the identity. The Dynkin diagram structure of A^ is given by the same formula 
(14. 8 p as in the {q'^Y 7^ 1 case. The odd vertices are w = ±2. We will explain which types 
of Dynkin diagrams appear. 

Let Si{w) = i — w and S2{w) = —i—w be the automorphisms of A^. Let G be the group 
generated by Si and S2- Then it is an affine reflection group. The connected components 
of A^ are nothing but the G-orbits. They are described as follows 

(i) When char k = 0, there are two types of connected components. 

(a) G( (C ^ 2Z). The Dynkin diagram is of type A^o. 

(b) G'-f with 7 = ±2. The Dynkin diagram is of type Boo- 

(ii) When chark = p > 2, there are two types of connected components. Note that 
{siS2y = id. 

(a) GC (C ^ Fp). The Dynkin diagram is of type A2p_i- 

(b) ¥p. The Dynkin diagram is of type Dp . 

4.7. Cyclotomic Hecke-Clifford superalgebras. For a subset /i of A^, set Ji = 

pr~-^(/i). For A = J^ieh ^^i^i with rrii G Z>o (see § l3.7p . we set 

and 

Anc^ = AnCn/{AnCnfAix,)AnCn). 

We call Al-LC^ the cyclotomic Hecke-Clifford superalgebra. Then we have the following 
lemma. 

Lemma 4.7. Let n > 1 and A as above. 

(i) ATiC^ is a finite- dimensional h-module. 

(ii) Set In = {g{q^''X) ; g{\) € h and —n < k < n) and J„ = pr^^(/„). Then for any 
finite- dimensional Al-iC ^-module M , the eigenvalues of Xk\M belongs to {X[i) ; i G Jn}- 



Hence by Theorem I4.4[ we have 

Corollary 4.8. If J is a subset ofTx invariant under c and containing Jn, then the cy- 
clotomic Hecke-Clifford superalgebra ATiC^ is isomorphic to the cyclotomic quiver Hecke- 
Clifford superalgebra RC^. 

Note that the Hecke-Clifford algebra TiCn is isomorphic to A'HCn° , where iq ^ I is an 
odd vertex (ig = pr(±l) = g{^q))- 
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5. Relations to affine Sergeev superalgebras 

In this section, we will prove that the affine Sergeev superalgebra, a degenerate version 
of the affine Hecke- Clifford superalgebra, is also isomorphic to a quiver Hecke-Clifford 
superalgebra. Since the proof is parallel to the affine Hecke-Clifford superalgebra case, 
the discussion will be brief. We still assume that k is an algebraically closed field of 
characteristic 7^ 2. 

5.1. AfRne Sergeev superalgebras. 



Definition 5.1 ( |JN] ). For an integer n > 0, the affine Sergeev superalgebra AT-iCn is 
the h- superalgebra generated by the even generators xi, . . . ,Xn, ti, . . . , t„_i and the odd 
generators Ci, . . . , C„ with the following defining relations. 
(i) XiXj = XjXi for all 1 < i,j < n, 
(ii) Cf = 1, dCj + CjQ = {] for alll<i^] < n, 
(iii) t^ = 1, titi^iti = ti^ititi^i, titj = tjti [\i — j\ > 2), 
(iv) tiCj = Csi{j)ti, 

(v) CiXj = XjCi for all 1 < i ^ j < n, 
(vi) CiXi = —XiCi for all 1 < i < n, 

(vii) tiXi = Xi+iti - 1 - CiCi+i, tiXi+i = Xiti + 1 - CiCi+i for all 1 < i < n - 1, 
(viii) tiXj = Xjti if j j^ i,i + 1. 



Remark 5.2. ( [Nazj . pGel §14.8]) The intertwiners of AHCn are defined by 

(5.1) (Pa = ta + {Xa - Xa+l)"^ - {Xa + X a+l)~^ C aC a+l G k(a;i, ...,Xn) ®k[xi,...,x-„] AHCn 

and they satisfy the relations 

(5.2) ipaXi = Xs,{i)'^a and V^^Cj = Cs,({)^a- 

Setting 

K{u,v) = {u-vf -2{u + v) and F{xa,Xa+i) = K{xl,xl^^)/{xl- xl^^f, 
we have 

(5.3) ^l = F{Xa.Xa+l). 

By setting u = \^ — 1/4 and v = fi^ — 1/4, we have 

(5.4) K{u, v) = {X - 12 - 1){X - fi + 1){X + fi - 1){X + 12 + 1). 

Let Al be the one- dimensional affine space A^ with the coordinate x and let c : A;^. — )■ A^ 
be the involution of A], given by c{x) = —x (corresponding to Definition 15.11 fjvi|) ). 
For 1 < p < n, let us denote by Cp : A" — )■ A" the involution 

\Xi, . . . ) Xji) ' r yXi, ... 5 3/p__x, Xp, Xp_|_i, . . . , Xn)y 

and by the same letter the induced isomorphism Frac(^A",g) — ^ Frac(i^A",cp(9))- -^^^ 
1 < p < n, we denote by Sp : A" — > A" the involution 

yxi, . . . , Xji) ' ^ \Xi, . . . ) Xp—i, Xp_|_i, Xp, Xp_|_2, . . . ) Xj^j, 

and by the same letter Sp the induced isomorphism Frac((^An ,j) — )■ Frac((^An ^^(g)). Simi- 
larly, we denote by Sp : A" — t- A" the involution 

yXi, ... 5 X-i^j I T yXi, . . . ) Xp_i, Xp_|_i, Xp, Xp_|_2, . . . ; x^jj. 
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and by the same letter Sp the induced isomorphism Frac(^A",g) — ^ Fi'ac(^An^^ (g)). 

Let us denote by TiCn the k-superalgebra generated hj Cp {1 < p < n) , ta (1 < a < n) 
with the defining relations (lii|)-( 1iv|) in Definition 15.11 The superalgebra T-LCn is called the 
Sergeev superalgebra and can be regarded as a subsuperalgebra of ATiCn- 

Definition 5.3. Let J be a finite subset of A], invariant by c, and let x: J — )■ Tx be the 
inclusion map. We define 

where x(i/) = (x(z/i), ■ ■ ■ ,x(z/n)) G A". We define the algebra structure on 



/CrLCn — Jin ®k liCn 

by 

Cpe{u)f = e{cpu)cp{f)Cp {1 < p < n), 

/or z/ G J", 1 < a < n anc/ / G Frac(^A",a;(i/))- 

VFe define OTiCn to be the subsuperalgebra of JCHCn generated by Gn and TiCn- 



Thus there exists a k-superalgebra homomorphism AHCn — > OHCn- We have 

(5.6) </5ae(z^) = e(sai^)(/9a for any 1 < a < n. 

Let us denote by A^ the space A-^ with the coordinate w. Let pr: A^ — ?> A^ be the 
map pr(x) = x^. Let A\ be the affine space A^ with the coordinate A. Let g: A\ ^ A^ 
be the map g{X) = A^ — 1/4. 

5.2. Dynkin diagram. We regard A^ as a Dynkin diagram by the same formula (14. 8p . 
Note that 5'(Ai) and g{X2) (Ai 7^ ±A2) are connected if and only if Ai = A2 ± 1 or 
Ai = -A2 ± 1. 

The connected components of the Dynkin diagram A^ are classified as follows. Here 
the odd vertices are marked by x . 

(i) when chark = 0, there are three types of connected components. 

{^) {die ~^ k) ; k & 7j} for some ( ^ Z/2. The Dynkin diagram is of type A^o. 

C-1 C C+1 
— o — o — o — 



(b) {g{^ + k) ; k E Z>o}. The Dynkin diagram is of type Bo 

1/2 3/2 5/3 
iSr^^O O 

(c) {g{k) ; k G Z,>o}. The Dynkin diagram is of type Coo- 
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O 



o 



<y 



(ii) When char k = p > 2, there are three types of connected components. 

(a) {9iC + k) ; k & ¥p} for some ( ^ ¥p. The Dynkin diagram is of type Ap\. 



C + p- 




(b)Mi),...,^(i)}oftype<i, 



1/2 3/2 = 



3 
2 

O 



P-^ P _ Q 



£-2 

2 



(p = 3) 



(p>3) 



Let us take a finite subset J C A;^. invariant under the involution c and set / = pr( J) C 
A^. Set J'^ := {j E J ] c{j) = j}, /odd = pi'(t/'^) and /even = -^ \ {0}. We choose a function 
/i : / — )■ Al such that 



(5.7) 



g{h{t)) := /i(z)2 - 1/4 = z, 

if (ftj, aj') < 0, then h{i') = h{i) ± 1, 

h{g{l/2)) = 111. 



We define A: J — t- A5^ by A(j) = /i(pr(j)), and x: J — ;■ A;^. by x{j) = j. We choose 
e: J — i> {0,1} such that e^^{0) — ?> / is bijective. For i,j G /, we write {i,j) for 
(apr(i), Q;pr(j)) and define Qij by the same formula (14.111) and (I4.12p . 

Then we associate to the data {Qi,j}i.jej the quiver Hecke- Clifford superalgebra RC„ 
and its completion RC„. 



Theorem 5.4. We have RC„ ~ OnC„. 



5.3. Proof of Theorem 15. 4L 

5.3.1. Strategy of the proof. By Theorem 13.81 it is sufficient to construct the elements 
Uk ^ ^n {k = 1, . . . ,n) and Sq G JCHCn (a = 1, . . . , n — 1) such that 

(i) ype{iy) G (^a^.x-h)"" (xp - x(z/p))e(i^), 
(ii) CaVpciu) = {-lY'^'Pypeicaiy)Ca, 
(iii) 5^ = Ra,a+i (see ([31])), 
(5.8) ^ (^iv) {Sa}i<a<„ satisfies the braid relations (see (I3.4p ). 

(v) SaCk = Cs4k)Sa, SaVk = ysa{k)Sa, 

(vi) setting aa := Sa + /a,a+i (see (13.121) ). the element aae^u) belongs to 

taeiiy)i^A-,x{u)V + ^n(Cl, . . . , Cn). 
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5.3.2. Definition of Up e{iy). 

We will construct ypeiv) G (^A",x(i/))^ {xp — x{up))e{u). Let C be the curve defined by 
the equation x^ = \^ — 1/4. We have two projections: 

For every i ^ J, they induce the injective homomorphisms 

(5.9) ^Ai,x(i) ^-^ ^C,{x(i)Mi)) *~^ ^Ai,A(i)- 

Let us set ^i = ^A^,x(i) and ^j = ^c,(a;(j),A(i))) and we regard ^i as a subalgebra of ^j. Let 
Cj : ^i — )■ (^c(j) be the homomorphism induced by the map x H- —x. For 1 < a < n, let us 

denote by g^.^: ^i^a — ^ ^A",x(i/)e(i^) the homomorphism induced by the a-th projection 

yXi, . . . , Xn) I r Xfl. 

For all z G J such that e{i) = 0, we will construct yi G ^i such that 

r^^Q^ , (i) y, G^^(X-X(2)), 

(ii) if c{i) = i, then ^(yi) = -t/j, 



and we define yae{iy) = qa,iy{{-CuJ ^^''"-'2/c^{-a),,J. 
Then we have 

ype{u) G (^a'sxh)"" (xp - x{iyp))e{u), 
Caype{v) = {-lY''''ype{caiy)Ca. 

• Case A(i) 7^ 0, 1/2. 

In this case, we have isomorphisms 

k[[x - xm = ff,-^^, = dc,ixi^,,ii)) ^^ ^AlXi) = k[[A - \m- 
We define y^ e ^ihjy, = X- X{i). 

• Case \{i) = 1/2. 

In this case, we have x{i) = 0, 

k[[a:]] = ^, = ^Ai,o ^^ ^. = ^c, (0,1/2) -- ^Ai,i/2 = k[[A - 1/2]], 



and A - I = |( Vl + 4a;2 - 1) = x^ H G k[[a;2]]. Take y* = x H G k[[x]] = ^^ such 

that 2/j^ = A. Since yi G xk[[x^]], we have Cj(yj) = —yi. 

• Case A(i) = 0. 

In this case, we have x(i)^ = —1/4 and 



k[[a; - x{i)]] = ^Ai,x(i) ""^ ^c,(x(i),o) <^^ ^^a^.o = 
Since x^ — x(i)^ = A^, we have ffi = k[[x — x{i)]] = k[[A^]]. We define yi G k[[x — x{i)]] by 

y^ = X'- 
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5.3.3. Definition of^a^i.^)- We will define ^a^i.^) for 1 < a < ra and u G J". 

For z, j e J, let us denote ^^^ = i^A2,{x(i),x^j)) an^ ^i,j = ^CxC',{(x{JU(i)),{x(j),A(i)))- We 
regard ffij as a subalgebra of &ij. Let r^^.,-: ffi — )■ i^jj and r^^j-: ffj — )■ ^jj be the algebra 
homomorphism induced by the first and second projections from C x C to C, respectively. 
We write yi for rjjd/i) G ^ij and 1/2 for rfj{yj) G ^jj. Similarly, we define Ai G iffij and 
A2 G ^ij as rlj{\) and r2j.(A). 

Let Ci : ^jj — )■ <^c(i)j and C2: ^ij — )■ ^j,c{j) be the isomorphisms induced by (xi,a;2) 1— )■ 
(— a;i,a;2) and (xi,X2) 1— )■ (xi,— X2), respectively. Let S12: ^ij — )■ <^j,i be the homomor- 
phism induced by A^ 3 (xi,X2) ^-^ (a;25 3;i) G A^. 

Let ipa,u'- ^ua,ua+i — ^ ^A" ,x{'^)^(^) ^^ ^^^ algebra homomorphism induced by the pro- 
jection (xi, . . . ,Xn) I — )■ {xa,Xa+i)- We define i?ij G ^ij by the same formula fl4.17p . Let 
us recall (see Remark 1 5. 2 p 

^1 = F{Xa,Xa+l). 

Lemma 5.5. For i,j^J such that e{i) = e{j) = 0, we have 

(i) F{xi,X2)~^Rij belongs to ^ij^ , 

/ \ 2 

/ 'Y' -• If i-\ \ 

(ii) if i = j, then F(xi,X2)^^Ri ; — I 1 belongs to Gi Axx — X2). 

\y1-y2J 

Admitting this lemma for a while, we will construct 'Sae{v) and prove the theorem. By 
this lemma, we can choose Gjj G Gij for i, j G J, satisfying the following conditions: 



' {&) Gi^j ■ si2Gj^i = F{xi,X2) ^R 



(5.11^ 



'«j' 



(b) if z = j, then Gjj G (xi - X2)^ij, 

Vi — 2/2 



^ (c) Ci{Gij) = Gc{i)j and C2{Gij) = Gi^^j)- 

Now we define 

(5.12) Sae{u) = ^ae{y)i)aAGua,ua+i)- 

By the construction, we have 

Sa ■ e{v)f = Sa{f)e{sai^) " s^ for any / G Frac((^A",xH), 

Let us verify the condition (15. 8p (lvi|) : 

crae(z/) := Sae(l^) + /a,a+ie(i^) G tae(z/)(^A",xM)'' + ^n(Cl, ■ ■ ■ ,C„). 
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Setting i = Ua and j = Va+i and writing G^j- for i)a,u{^ua,ua+i)^ we have 

= (ta + {Xa - Xa+l)~^ - {Xa + Xa+iy^CaCa+lJ e{u)Gij 

-{Va - ya+i)5ije{u) + (ya + ya+iy^CaCa+iSc{i),je{u) 
= tae{u)Gij + (^Gij{xa - Xa+i)~^ - [ya " ya+i)5i,jje{v) 

+Ca[-{Ca+lGij){-Xa + Xa+lY^ + (-^/a + y a+lY^ ^ c(:i) ,jj C a+ie{v) 
= tae{u)Gij + (^Gij{Xa - Xa+l)"^ - (z/a " Z/a+O^ij j e(l^) 

+Ca\Gi^c{j){Xa - Xa+iy^ - {Va " 2/a+l)^"^^i,cO) j e(Ca+iZ/)C„+i 

belongs to tae(i^)(^A",x(!y))^ + ^n{Ci, ■ ■ ■ , C„) by (15.1 ip (jb]). Thus we have verified all the 
conditions in fl5.8l) . and hence RC„ and OTiCn are isomorphic. 

5.3.4. Proof of Lemma \5.^ Now, we will prove Lemma [5.51 for i,j E J such that e{i) = 
eU) = 0. 

Let us first derive (ii) admitting (i). Let ^ be the generic point of {xi = X2} C 

Spec(^jj), and let {<ffij)^ be the localization of i^ij at ^. By (i), F{xi,X2)~^Ri,j — ( (xi — 

X2)/{yi — ^2) ) belongs to ffij, and hence it is enough to show that F{xi,X2)~^Rij — 

Uxi - X2)/{yi - y2)) belongs to {ffij)^{xi - X2). 
We have 

(xi + xa)^ 
{xi - xlf - 2{x\ + x^) 

Since i?jj = — (yi — ^2)"^ mod (^jj)^, we obtain 



F(xi, X2) ^(xi - X2) ^ = Y-2 2T^ — 0/ 2 I 2N2 - ~^ ^^°^ (^M)?(a;i - 3^2) 



F(xi,a;2)"^i?ij = -, 77 mod {^ij)i:{xi - X2). 

[yi - y2r 

It only remains to prove (i). We will use case-by-case check-up. Recall that 

(Ai-A2)2(Ai + A2)2 



(5.13) F(xi,X2) 1 (^^_^^_i)(^^_^^ + l)(^^ + ^^_l)(^^ + ^^ + l)- 

Note that (see (15. 7p ) for i, j G J such that £:(«) = £:(j) = 0, we have 

(a) A(j) = ±A(z) implies z = j, 

(b) (apr(i),apr(j)) < implies A(j) = A(z) ± 1, 

(c) \i9il/2)) = 111. 

• Case A(j) 7^ A(z), A(z) ± 1. 

In this case, F{x\,X2) G Gf^j and -Rjj = 1. 

• Case A(j) = A(i) ± 1 and A(i), A(j) ^ 0, 1/2. 
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Set A(j) = A(z) + c with c = ±1. In this case, yi = Xi — A(i), 1/2 = -^2 — A(j), and 
^i,i = Qi,jiyi,y2) = Mvi - y^) = ±(Ai - A2 + c). Therefore, 

Ffx X r^R - ± (Ai-A2)^(A, + A2)^ 

belongs to ff.^j. 

• Case (A(z),A(j)) = (1/2,3/2) or (3/2,1/2). 

Assume that (A(z),A(j)) = (1/2,3/2). First note that A (j) = if and only if char k = 3. 

Let us first assume chark = 3. In this case, Ai — 1/2 = yf, y2 = (A2 — A(j))^, and 

Rij = Q^Ayuy2) = ±{yt-y2) = ±((Ai-i/2)2-(A2-3/2)2) = ±(Ai-A2+i)(Ai+A2+i). 

Hence we have 

F{x„x,) R., - ±(X7^^^^T)(a7Ta^^ 

belongs to ff^j. 

Assume that chark 7^ 3. In this case, Ai = (yi — 1/2)^, y2 = X2 — 3/2, and Rij = 
Qi,jiyi,y2) = ±{yl- ^2) = ±(Ai - A2 + 1). Therefore 

(Ai-A2)2(Ai + A2)2 



F{xi,X2) ^Ri,j = ±- 



"(Ai-A2-l)(Ai + A2-l)(Ai + A2-l) 
belongs to ff^j. 

• Case (A(z), A(j)) = (0,±1) or (±1,0). 

We may assume that (A(z), A(j)) = (0, c) with c = ±1. In this case, yi = Xf, y2 = A2 — c, 

Ri,j = Qi,j{yi, y2) = ±{yl - 2/1) = ±((^2 - c)^ - Xj) = ±(Ai - A2 + c)(Ai + A2 - c). 

Hence 

Fix x)-'R - + (Ai-A2)^(Ai + A2)^ 
F(xi,X2) R,, - ±(X7^7^^^)(X7TA^T^ 

belongs to ^^. 

• Case i = j and A(i) 7^ 0, 1/2. 

In this case, yu = Xk — X{i) {k = 1, 2) and -Rjj = — (yi — ^2)"^ = — (Ai — A2)^^. Then 
by dEH 

-(Ai + A2)2 



F{xi,X2)-^Ri 



(Ai - A2 - l)(Ai - A2 + l)(Ai + A2 - l)(Ai + A2 + 1) 
belongs to ff^j. 

• Case i = j and X{i) = 1/2. 

In this case, yl = Xk — 1/2 {k = 1, 2), and 

R,, = -2{yl + yl){y\ - ylY^ = -2(Ai + A2 - l)(Ai - A2)-^ 
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Hence by (I5.13p . we have 



F{xuX2) ^Rij 



(Ai - A2 - l)(Ai - A2 + l)(Ai + A2 + 1) 



and it belongs to 



QX 



• Case i = j and A(i) = 0. 

In this case, i/k = Xl {k = 1, 2), and Rij = —{yi — 2/2)"^ = — (Ai — A^)"^. Hence 

F{x^,X2) 'Rij = (^^ _x,- i)(Ai - A2 + l)(Ai + A2 - l)(Ai + A2 + 1) 
belongs to ff^j. 

This completes the proof of Theorem 15.41 D 

Similarly to the case of cyclotomic Hecke-Clifford super algebras, we can define the 
notion of cyclotomic Sergeev superalgebras. 

For A = ^jgjj iTiiAi with rrii e Z>o (see § l3.7p . we set 

ieJ 
and define 

AHCt = AHCn/(AHCnfA{Xi)AHCn). 



We call ATiC^ the cyclotomic Sergeev superalgebra. 

Then, taking / large enough comparing to supp(A) := {i E I ; rrii y^ 0}, the cyclotomic 

Sergeev superalgebra ATiC^ is isomorphic to the cyclotomic quiver Hecke-Clifford super- 
algebra RC^. 

Note that the Sergeev algebra TiCn is isomorphic to ATiC^'^ , where io E I is a unique 
odd vertex G A,J„. 

For a generalized Cartan matrix A, we denote by KLR„(y4) the Khovanov-Lauda- 
Rouquier algebra associated with A. It is nothing but Kn{A) with /odd = 0- The al- 
gebra KLR„(A) depends on the parameter Q = {Qij)ij(zi as in §3.61 By the rescaling in 
Remark 13.21 we can easily see that the k-algebra KLR^(A) is unique up to isomorphism 
when A is of finite type or affine type except the case when the Dynkin diagram has a 
cycle, i.e., when A is of A„_i type (n > 2). 

Remark 5.6. Consider the case chark = 3 and A = A2 (see the picture (ii) (b) in §5.21) . 
Take a block subsuperalgebra B of the affine Sergeev superalgebra AHCu which categori- 
fies U~{q{A))_i3 with /3 = 8ao + 3ai, where ao is the short root. Although KLR^(74) also 
categorifies U~{g{A))_js, the set of irreducible objects lrr(KLR^(A)-mod) in the category 
KLR^(A)-mod of finite-dimensional KLR^(/l)-modules and the set of irreducible objects 
lrr(i?-smod) in the category 5-smod of finite-dimensional B-supermodules correspond to 
different perfect bases. 

Let us explain in more detail. By |BK3] (see also |Klet part II]), the cyclotomic 

Sergeev superalgebras AT-iC^ ~ RC„°(A) categorify the irreducible highest module 
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V{Ao). Namely, denoting by RC^*^ (y4)-smod the supercategory of finite-dimensional RC„° (A)- 
supermodules, we have 

X-P-(RC^(A)-smod)c ^ V^(Ao), 

(5.14) n>0 

L|„>o lrr^"P°"^(RC^(A)-smod) ^ i?(Ao) - RP3 

where lrr**'^P'^''(RC^°(74)-smod) is the set of equivalence classes of irreducible RC^°{A)- 
supermodules by the equivalence relation ~ given by 5 ~ S'4^ 5" ~ 5" or S" ~ n(S"). The 
first isomorphism in fl5.14p is a U {Q{A))-raodule isomorphism and the second isomorphism 
is a t/^(0(yl))-crystal isomorphism. Recall that RP3 is the set of all 3-restricted 3-strict 



(2) 

partitions, which is equivalent to the set of reduced Young walls of type A2 in Kang 03 



A partition A = (Ai, . . . , Xr) is 3-restricted 3-strict if the following conditions are satisfied. 

• Afe = Afc+i implies A^ G 3Z, 

• Afc — Afc+i < 3 if Afc G 3Z, 

• Afe - Afc+i < 3 if Afc ^ 3Z. 

Let k6~ denote the spin symmetric group superalgebra of order n. Then the cyclotomic 
Sergeev superalgebra ATiC^ is isomorphic to the tensor product k©~ ® €n of the spin 
symmetric group superalgebra k(3~ and the Clifford superalgebra £„ by Sergeev and 
Yamaguchi |Ser2t lYarn] . Hence f l5.14p holds also for k(3~. 

For each A G RP3 = B{Ao), we denote by V^^'" the corresponding isomorphism class of 
irreducibles of k(3|^|. 

On the other hand, by |KKl ILVj we have 

(5.15) Ko(KLR^(A)-mod)c = K(Ao), \J lrr(KLR^(A)-mod) - B(Ao), 

n>0 n>0 

where the left isomorphism is as U (g(A))-m.odu\es and the right isomorphism is as Uv(g(A))- 
crystals. For each A G RP3 = B{Ao), we denote by V^^^ the corresponding isomorphism 
class of irreducibles of KLR„"(y4). 

If both lrr(KLR^(74)-mod) and lrr(i?-smod) correspond to the same perfect basis on 
[/(g(A))-module L{Aq), then we must have 

dimV^f 7dim\/;|^L^ ^ 2m^^W)/2] 

for any A G RP3 (see [Kiel Lemma 22.3.8]). Here, 71(A) = ^jgj rni = n — i if the weight 
of A is Ao - /3 and /3 = Y^iei ^i^^i (^ = ht(/3) = J2iei ™i ^^^ ^ = ^i&Iom "^«)- 

A computer calculation shows that for A = (6, 4, 1) (71(A) = 3), we have dim Vj^^^ = 648 
while it is knowrQ that dim V^'''" = 2880 = 4 x 720. 

Remark 5.7. Consider the case (ii) (d) in §4.41 A = D^ = A[' indexed by / = /odd = 
{0, 1} and assume q = exp{27i\/—l/8) G k with char k = 0. By the isomorphism described 
in |Roull §3.2.1] or Remark 13. 2[ it is enough to consider KLR4°(yl) for Qo,i{u,v) = 
u^ — auv + v^ for some a G k. 



^Historically, it was first miscalculated as dim V^p'" — 2592 — 4 x 648 in |MY| . If it were correct, observ- 
ing such a direct discrepancy between the Khovanov-Lauda-Rouquier algebras and the spin symmetric 
groups must become more difficult. 
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By pal[BK2l[KKllRBuniTin] . the family of superalgebras {RC^(A)}„>o ~ {AnC^°{q)}n>o 
(resp. {KLR^°(y4)}„,>o) categorifies f/(0(y4))-module (resp. f4(g(A))-module) \^(Ao). How- 
ever, there is no Morita equivalence between 1104^° (A) and KLR4''(74) nor weak Morita 
superequivalence between 110^° (A) and KLR4°(74) whatever superalgebra structure we 
give to KLR4°(A) and for any choice of parameters a G k. 

The algebras RC4°{A) and KLR4"(74) are not Morita equivalent because we have (for 
any a G k) 

dimZ(RC^(A)) =4^5 = dimZ(KLR^"(A)) 

by a computer calculation. (See Remark 12.81 for Z.) Since it can be easily seen that 
lrr(KLR4°(74)-mod) consists of 2 irreducible modules of dimension 1, 4 for any a G k, these 
two irreducibles are self-associate (see § l2.5p for any superalgebra structure on KLR4°(yl). 
Moreover, lrr(RC4°(y4)-mod) also consists of two self-associate irreducible modules. Hence 
two supercategories RC4''(A)-mod and (KLR4°(y4)-mod) cannot be superequivalent for 
any superalgebra structure on KLR4''(74) by Lemma [2.11[ Since KLR4''(y4) has no non- 
trivial block decomposition, KC^^^A) and KLR4°(/1) cannot be weakly Morita superequi- 
valent. 
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